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2. Kinematic Analysis
Representation of Plane Vectors by Complex Numbers
Review of Complex Numbers
» -1 is an operator that rotates a vector 180°.
vector 90° counter clockwise.
wote that twice 90° county
rotates a vector 90° clockuwis
uss-Argand plane) is analogous to the

sian coordinates (x — Re, y — Im)

can be represented in polar form as well:

{Pol(x

= Pol(x,y) |Rec(r

6
3 e
Multiplication of a ree
Vector addition and addition of two complex numbers are analogou:

In complex numbers we do not need cross product or out of plane
angular vectors like @ and a!
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2. Kinematic Analysis
Coincident Points

Permanently Coincident Points: Two points on two
different rigid bodies are coincident for all possible
positions of the mechanism.

Typically the points on the axis of a revolute joint which
connects two rigid bodies are permanently coincident.

Instantly Coincident Points: Two points on two different
rigid bodies are coincident only for the current position
of the mechanism.

Typically the instant center of zero velocity of a link does not
have a fixed location with respect to another link including
the fixed link (and also it does not have a fixed location
relative to its own body).
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2. Kinematic Analysis
Vector Loops of Mechanisms (Constraint Equations!)
Suppose we select point B: 3
AoA + AB; = AoBy + BoB,
This vector equation forces

B; and B, be a permanently

2 BofS)
coincident point, the revolute joint between links 3 and
4, B. It is called loop closure equation and is the
constraint equation of the four-bar mechanism.
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2. Kinematic Analysis
Kinematics of Rigid Body in Plane Motion
* Motion of a rigid body in plane can be described
fully by the motion of two points on the plane.

Rigidity condition ensures that the velocity
components of the two selected points along the line
connecting the two points should be equal.

It is sufficient to represent a rigid body (which may
be considered as an infinite plane) by the two
representative points and the line connecting them.
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2. Kinematic Analysis
Vector Loops of Mechanisms (Constraint Equations!)
The three moving bodies are each represented by two
points on them: ! 3 i
Link 2: Aj)A
Link 3: AB
Link 4: B,B ) Ao By O\
Rather than searching for tedious geometric relations
as we did in ME 208 Dynamics we will assume one of
the permanently coincident points to be non-coincident
and the constraint equation we will write is going to
force these two points to be coincident. This will be a
vector loop equation and the constraint equation for
the mechanism.
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2. Kinematic Analysis
Vector Loops of Mechanisms (Constraint Equations!)

AoA + AB3 = AyB, + BoB,

This vector equation can be written
using complex numbers as:

azeif12 + azeits = q; + a,eifrs

This is a complex equation in three real unknowns,
612, 013 and 60q4. If one of those variables (recall F =
for a four-bar) is known the other two can be
determined (as we will see later!).
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2. Kinematic Analysis
Vector Loops of Mechanisms (Constraint Equations!)
Suppose we select point A this time:
AgA = AgBy + BoB + BA;
This vector equation forces
A, and A; be a permanently

coincident point, the revolute joint between links 2 and
3, A. It looks different from the previous equation
where we disconnected revolute joint B and force it to
be permanently coincident.

AoA + AB; = AyB, + BoB,
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2. Kinematic Analysis
Slider-Crank
AoA +AB; = A.B,
This vector equation forces
B; and B, be a permanently
coincident point, the revolute
joint between links 3 and 4, B. This vector equation
can be written using complex numbers as:
azei"’l2 r a3e“"13 =ia; + sS4
This is a complex equation in three real unknowns,
612, 013 and sy4. If one of those variables (recall F =1 for

a slider-crank) is known the other two can be
determined.
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2. Kinematic Analysis
Vectors Allowed in a Loop Closure Equation

1. Body Vectors: They are the vectors that connect the
two points on the same link. These vectors have a
constant magnitude but the orientation may change.

. Translational Joint Variable Vectors: They are the
vectors between two links which are connected by a
prismatic or cylinder in slot joint. These vectors are
parallel to the relative sliding axis and have a variable
magnitude. Direction may be variable as well.

. Zero Vectors: They are the vectors connecting two
permanently coincident points on two different links.
They are not written!

This definition is due to Resit Soylu, Department of Mechanical Engineering, Middle East Technical University

ME 301 Theory of Machines I

01.Nov.22

2. Kinematic Analysis
Vector Loops of Mechanisms (Constraint Equations!)

ApAy = AgBy + ByB + BA3
This vector equation can be written
using complex numbers as:

) I I
ayef12 = a; + a ei®s + azeifss

/
013 =03+m
a.zeiglz =a;, + a4ei614 45 (136“613-”[)
ei(913+n’) - ei013eirr - _ei913
ayet®1z = q; + asei¥1s — gzeifs
Identical equation with when B is disconnected!

ME 301 Theory of Machines I

2. Kinematic Analysis
Inverted Slider-Crank
AoAz = AoBo + BoAs
This vector equation forces A, and A,
be a permanently coincident point,
the revolute joint between links 2
and 3, A. This vector equation can be written using
complex numbers as:
azeiglz =a, + a4ei91'i + 5436“91'**5’*)
This is a complex equation in three real unknowns,
615, 614 and s,3. If one of those variables (recall F =1 for
an inverted slider-crank) is known the other two can be
determined.
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2. Kinematic Analysis
Slider-Crank

Ag,Ag, +AgAy + AyA3+A3B; = AgQ1+ Q1B,

0 +ae®2+ 0 +azeifs=

Zero Vectors Translational Joint Variable Vector (s,/;)
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2. Kinematic Analysis
Inverted Slider-Crank

Ao, Ao, + Ao,A2 = Ao, Bo, + Bo,Bo, + Bo, Qs + Q443

0 +azeifrz= + 50 +ggeif1s 550010+

Zero Vectol

B ectors
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2. Kinematic Analysis
Multiloop Mechanisms
Euler’s polyhedron formula tells the
number of independent loops as:
L=V = =6 NN =12
Next question is which of the following
five equations are independent?
AoA +AB + BDg = AyDy + DoDs (1)
AgA + AC + CE; = AgDy + DoEs (2)
CE + EDs = CB + BD, ©)
AB+BC+CA=0 (4)
DoD + DE +EDy = 0 (5)
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2. Kinematic Analys
Multiloop Mechanisms

Is there a way to find out independent loop closure
equations?

1. Disconnect gear pair(s) (if any) and write the gear
relation(s).

2. Disconnect as many revolute joints as necessary
to eliminate all loops. (However no link should be
totally disconnected!)

By connecting only one joint at a time (all others
should be disconnected during this process) write the
loop formed by connecting this joint.
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2. Kinematic Analysis
Multiloop Mechanisms
There are many loops like:
AoA + AB + BDg = AgDo + DoDs
Aof +AC + CE4 = AoDo + DoFs
CE + EDs = CB + BD,
AB+BC+CA=0
DoD + DE + EDy =0 ]
The question is which of these equations are
independent (i.e. contain new information)?
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2. Kinematic Analysis
Multiloop Mechanisms
AoA + AB + BDg = AyD, + DoDs (1)
AoA + AC + CE; = 4Dy + DoEs (2)
CE + EDs = CB + BD, ©)
AB+BC+CA=0 )
DoD + DE +ED, = 0 (5)
Equations 4 & 5 are identities. i
Equations 1, 2 and 3 are valid loop closure equations.
However they are not all independent.
Is there a way to find out independent loop closure
equations?
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2. Kinematic Analysis

Multiloop Mechanisms
the gear
Q

B

s ne
er no link should

rbitrary,
or (D and

2 note not allowed

link 6 be ally 0 . Similarly

ing C and ill link 4 totally
-onnected therefore not allowed!

ing only one joint at a time (all othe:
g ) write the loop

Reconnect D (E is disconnected!)
AgA +AB 4yDg + DyDs
Reconnect E (D is disconnected!)

AgA +AC + CE; = AyDy + DoEs

Two possible independent loop closure equations. M N Wy Ty (A e




2. Kinematic Analysis
Multiloop Mechanisms
AA + AB + BD; =AyDy+ DoDs

azei912 4L bgei(913+ﬂ3) L aﬁel’fgm = a; + bseimlsﬂ"s)

AgA + AC + CE, =A4,D,+ DoEs
azef12 + azeifs + quelfr = q; +age¥ss
Variables: 615,613,614, 615 and 816 (5)
Constraints: Two complex equations

(i.e. four scalar equations)

F A(€7j71)+z 3(6-7-1)+7=1

V=2L+F
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2. Klnematlc Analys1s

the joints the o o are C,s and
note that joint Cys dependent on
other tw
By connec
hould be disconnected during th
the loop formed by connecting this join
Reconnect g% (Css and GP*,; are disconnected)
A,A +AD + D ,+ BB +B

Reconnect Csg (C45 and G
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2. Kinematic Analysis

Multiloop Mechanisms @

and write the gear relation(s)
2(012 = B2)
many revolute joints as necess
eliminate all loops.
di ‘nnned C. The number of joints to
i as pledn‘ted by Euler’s polyhedron
j—t+1=9-7+1=3
is one of the > othm two are Cys and Csg
(please note that joint Cys is dependent on other two!)
3. By connecting only one joint at a time (all others
should be disconnected during this process) write the
formed by connecting this

01.Nov.22
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2. Kinematic Analys1s
Multiloop Mechanisms
13613 = —12(012 — B2)
A4 + AD + DCq
aze'®12 + a,ei®17 + qgelfis
A4 + 4D + DG =
azel®12 + a,elf17 + qgelfis =
V: 81,,6,
Equation:
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