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Non-relativistic



Relativistic case



See Shapiro and Teukolsky (1983)





Chandrasekhar Limit



• Exercise: Derive the Lane-Emden equation





• Exercise: Find analytical solution for mass for n = 1



When r = R Use the integral of Lane-Emden eq.

evaluated at r = R



Chandrasekhar Mass

• For n = 3, the mass is independent of R → MCh = 1.46 MSun



Exercise: Derive the Chandraskhar mass 
limit using pressure of Fermi gas and 
gravitational pressure 

Simple approach

𝑈 = 𝑉𝜀 = 3𝑉𝑝 ≈ 𝑉ℏ𝑐
𝜌

𝑚𝑝

4/3

2𝑈 = Ω                  2𝑉ℏ𝑐
𝜌

𝑚𝑝

4/3

=
1

2

𝐺𝑀2

𝑅
           Virial theorem

𝑉 ≈  𝑅3 and 𝜌 =
𝑀

𝑅3

 𝑀 ≈
1

𝑚𝑝
2

ℏ𝑐

𝐺

3/2

≈ 2𝑀⊙

The 1/R factors on the left-hand side and right-hand 
side of the equation cancel out



The Fermi–Dirac distribution function, n(k), for low temperatures.

For T = 0 there is a sharp step in n(k) at the Fermi energy, ε(k) = EF.

For finite temperatures the step is smoothed out.

The curves shown here are for μ/kBT = 50, 20, and 10 with the curve 
for 50 lying closest to the step function.

𝑛 𝑘 =
1

𝑒 Τ𝜖 𝑘 −𝜇 𝑘𝑏𝑇 + 1

Fermi–Dirac distribution



𝐷 𝑘 = 𝑉𝑘2/2π2

𝑁 = 2
𝑉

2𝜋2
න

0

𝑘𝐹

𝑘2 dk =
𝑉

3𝜋2
𝑘𝐹

3

𝑘𝐹 = 3π2𝑛
1/3

𝐸𝑡𝑜𝑡𝑎𝑙 ≈ 𝑁ℏ𝑐𝑘𝐹 ∼
1
𝑅

⇒ 𝑃𝐹𝑒𝑟𝑚𝑖 ≈
𝑀

𝑚

4/3 1

𝑅

1

𝑅

1

𝑅2
≈

𝑀

𝑚

4/3 1

𝑅4

𝑁 = 𝑀/𝑚

𝑛 = 𝑁/𝑅3

The single-particle states in k space are all occupied for 
wave vector less that k. The single-particle states in the 
range k to k+dk are occupied by the next batch of Fermi 
particles. Eventually, when the last fermions enter, all 
states with wave vector up to kF are occupied, all states 
with larger wave vector are empty.

Energy, force, pressure



Chandrasekhar mass

M does not depend on R, this is valid 
only in relativistic case

HW: estimate radius 
of a white dwarf and 
neutron star



Exercise: Find the 
crystallization and 
melting temperature 
of a white dwarf



Cooling time 109 − 1010 years: much longer 
than those of a Sun-like star

𝐿 ∼ 𝑇4 cooling curves





When degenerate electron gas becomes relativistic and their energy exceeds the mass difference 
between neutron and proton:

Inverse β decay stars 

Neutron Stars







Show that total velocity of vortices adds up to 2Ω (𝑆𝑎𝑢𝑙𝑠 1988)

Ԧ𝜅 =
ℏ

2𝑚𝑛

෠𝑘 outside the plane
𝑓=𝜌𝜅 × (𝑉𝑠 − 𝑉𝐿)

Magnus force radially outward

Superfluid velocity

Vortex line velocity

Quantum vorticity

𝑛𝜅=2Ω

density of vortices



Ginzburg & Landau

𝜓 𝑅 = 𝜓 𝑒𝑖𝜑 𝑅  

𝑣𝑠 ≡
ℏ

2𝑚
𝛻𝜑 R  

𝛻 × 𝑣𝑠 = ׯ                 0
𝐶

𝑣𝑠 ⋅ 𝑑Ԧ𝑙 =
ℎ

2𝑀
𝑁

𝛻 × 𝑣𝑆 =
ℎ

2𝑚
𝛿 𝑅  

Order parameter

Superfluid velocity



• For the Vela Pulsar, P = 0.083 sec  → inter vortex distance: 4 × 10-3 cm





ර 𝐴 ∙ 𝑑𝑙 = ර 𝐵 ∙ 𝑑𝑠 = 𝜙

𝜙0 =
ℎ𝑐

2𝑒
= 2 × 1019 𝐺 − 𝑓𝑚2

Quantized flux, Sauls 1988

ර 𝑣 ∙ 𝑑𝑙 = ර
ℎ

𝑚
(∇𝜑 −

2𝑒

ℏ𝑐
𝐴) ∙ 𝑑𝑙 =

ℎ

𝑚
2𝜋𝑛 −

2𝑒

ℏ𝑐
𝜙 = 0

1 fm = 1×10−15 m

magnetic flux







Sauls 1988







Exercise: Show that glitch function satisfy the above equation

∆Ω

Ω
~10−7 − 10−6







Exercise: Show that



Exercise: Derive the magnetic dipole field





Known pulsars in the 𝑃 − ሶ𝑃 diagram 
(period and period-derivative plane)
Dashed lines:

• The characteristic age τc = 𝑃 / 2 ሶ𝑃 (orange)

• Surface magnetic fields B (cyan)

• Spin-down luminosity Lsd (purple)

Solid lines:
• The critical field, Bcr = 4.4 × 1013 G, (cyan)

• One of the theoretical death-lines (orange)

HBP: high-B pulsars with x-ray emission reported

XINS: X-ray isolated neutrons stars

CCO: compact central objects

Each point is marked with additional symbols if associated with a SNR 
(green open circle) or if found in a binary system (blue open square).

The data are taken from the Australia Telescope National Facility (ATNF) 
pulsar catalogue (version 1.60) and McGill magnetar catalogue for pulsars 
and magnetars, respectively. The source lists of HBPs, XINSs, and CCOs 
used here are mainly based on and references therein.

Enoto et al. 2019



Ω=Ω𝐾(𝑟𝑚)

Exercise: Show that



Pulsar Magnetosphere

𝑟𝑐 = 𝑐/Ω

Zero charge cone







Exercise: Show this equation



Exercise: Show that 𝐵𝑃2 ≥ 107 𝑇𝑠−1 to form electron-photon cascades

Discuss difference between sychroton and curvature radiation

Coherent radio 
pulsar emission





Accretion powered 
X ray pulsar





Binary Pulsars

Exercise: Show this relation



This artist's impression shows the 
final stage of the merger of two 
neutron stars and the gravitational 
waves produced by the collision. 
Astronomers identified such a 
merger in 2017 using gravitational 
wave detectors, as well as with 
optical and X-ray telescopes.

https://www.cfa.harvard.edu/index.php/research/topic/gravitational-waves







Black Holes Mass, spin, charge, no hair theorem

Sean Caroll; Ray D’Inverno & Vickers; Shapiro & Teukolskly







Schwarzschild metric



proper time 









(a) (b)



r = 0   real singularity Penrose and Hawking singularity theorems

Rg = 2GM/c2  Schwarzschild radius

Singularity in Schwarzschild metric disappears if Kruskal or Finkelstein coordinates 
are used





0 2 3 4 6 r/M

(a)

(b)

Figure 12.6

(a) The angle ψ between the propagation direction of 
a photon and radial direction at a given point p.

(b) Gravitational capture of radiation by a 
Schwarzschild black hole. Rays emitted from 
each other into the interior of the shaded conical 
cavity are captured. The indicated capture 
cavities are those measured in the orthonormal 
frame of a local static observer.

Shapiro & Teukolsky









• Ω𝐵𝐻 = 𝑎𝑐2/(2𝐺𝑀𝑟ℎ𝑜𝑟𝑖𝑧𝑜𝑛)

• Black hole spin: 105/
𝑀

𝑀𝑠𝑢𝑛

𝑎

1+ 1−𝑎2
 rad/sec

• If M = 100 MSun and a = 0.5 ⮕ 27 rad/sec (4 rotations per second)

a = 0.9 ⮕ 626 rad/sec (100 rotation per second)

Stellar-mass black holes

Cygnus X-1 𝑎~0.998
GRS 1915+105 𝑎~0.98
A0620-00 𝑎~0.12
LMC X-3 𝑎~0.25

Supermassive black holes

M87* 𝑎~0.9
Sagittarius A* 𝑎~0.5

Sean Carroll,
Spacetime and Geometry, 2014













M87*

Event Horizon 
Telescope image

𝑀 ~ 7 × 109 𝑀𝑆𝑢𝑛

Wikipedia



Sagittarius A* (𝑀 ~ 4 × 106 𝑀𝑆𝑢𝑛) left: 2022, right: polarized Wikipedia



EHT array



NASA/GSFC simulation





Penrose Diagrams for Schwarzschild and 
Kerr Black Holes





Thorne et al. 1986



Blandford–Znajek Process





due to time-independent magnetic field

Ω𝑓𝑖𝑒𝑙𝑑 does not change along poloidal field lines

similar to the pulsar models:
in this case, disc is the source



Magnetic field from Ampere's Law



Blanford & Znajek 1977







NASA/ESA and Ann Feild (Space 
Telescope Science Institute)

An active galactic nucleus with relativistic jets 
(NASA)





Penrose process

Wikipedia



Exercise: Show that



Exercise: Using the entropy S = ൗℏ𝑐3

8𝜋𝐺𝑘𝑀 , find the Hawking temperature

Virtual photons are created from 
the vacuum at the horizon. 
Before they can annihilate, one 
falls into the black hole while the 
other escapes to infinity.





Tolman-Oppenheimer-Volkoff equation for neutron stars mass less than 3 MSun, around 2.23 MSun
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  𝜌 ≈    m p    ∆ x 3 ≈  m p      (  3 m k T )  3 / 2   ℏ 3


  U = V 𝜀 = 3 V p ≈ V ℏ c    (   𝜌   m p )  4 / 3


  2 U =    | Ω |


  2 V ℏ c    (   𝜌   m p )  4 / 3 =  1 2   G  M 2 R


  V ≈    R 3


  𝜌 =  M   R 3


                                          M ≈  1   m p 2    (    ℏ c G )  3 / 2 ≈ 2  M ⊙


  n  ( k ) =  1   e     (  𝜖  ( k ) − 𝜇 ) /   k b T + 1


  D  ( k ) = V  k 2 / 2  π 2


  N = 2  V  2  𝜋 2  ∫ 0   k F   k 2  dk =  V  3  𝜋 2  k F 3


   k F =    (  3  π 2 n )  1 / 3


   E  t o t a l ≈ N ℏ c  k F ∼  1 R


  ⇒  P  F e r m i ≈    (   M m )  4 / 3  (   1 R )  (   1 R )  (   1   R 2 ) ≈    (   M m )  4 / 3  1   R 4


  N = M / m


  n = N /  R 3


    10 9 −   10  10  


  L ∼  T 4


  2 Ω   ( S a u l s   1988 )


   𝜅 → =  ℏ  2  m n  k ^


  f


  𝜌 𝜅 × (  V s −  V L )


  n 𝜅


  Ω


  𝜓  ( R ) =  | 𝜓 |  e  i 𝜑  ( R )


     v s → ≡  ℏ  2 m  𝛻 → 𝜑  ( R )


   𝛻 → ×    v s → = 0


   ∮ C     v s → ⋅ d  l → =  h  2 M N


   𝛻 → ×    v S → =  h  2 m 𝛿  ( R )


  ∮  A ∙ d l = ∮  B ∙ d s = 𝜙


     𝜙 0 =   h c  2 e = 2 × 10  19   G −   f m 2  


  ∮  v ∙ d l = ∮   h m ( ∇ 𝜑 −   2 e  ℏ c A ) ∙ d l =  h m  (  2 𝜋 n −   2 e  ℏ c 𝜙 ) = 0


    ∆ Ω Ω ~   10  − 7 −   10  − 6


  P −  P .


  P  


   P .


  Ω


   Ω K (  r m )


   r c = c / Ω


  B  P 2 ≥   10 7   T  s  − 1


   Ω  B H = a  c 2 / ( 2 G M  r  h o r i z o n )


    10 5 /  (   M   M  s u n )  a  1 +   1 −  a 2


  a ~ 0 . 998


  a ~ 0 . 98  


  a ~ 0 . 12


  a ~ 0 . 25


  a ~ 0 . 9


  a ~ 0 . 5


    M   ~   7 × 10 9    M  S u n


    M   ~   4 × 10 6    M  S u n


   Ω  f i e l d


  S =   ℏ  c 3  8 𝜋 G k M

