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Lecture 13

Lecture notes by Ozgiir Kisisel

Content: General theory of nth order linear equations.
Suggested Problems: (Boyce, Di Prima, 9th edition)
§4.1: 2, 4,6, 9, 10, 13, 15

1 Higher Order Linear ODE’s

We now wish to study higher order differential equations. As in the first order
case, linear equations have more structure than non-linear ones, hence they are
comparatively easier to study. Because of their relative simplicity, linear equations
tend to occur often in applications. Furthermore, studying linear equations provides
us with valuable insight about non-linear equations as well.

Suppose that y is a variable depending on ¢. An nth order linear ODE for y(t)
is a differential equation that can be written in the form
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o F o an(t)y = b(t).

Of course, another notation for the same equation is
Y+ a (YD + .+ an(ty = b(t)

where y/) denotes the j-th derivative of y with respect to ¢. If b(t) is identically
zero, then the equation is said to be homogenous. Otherwise, it is said to be
non-homogenous. If the coefficients a;(t) are all independent of ¢, then we say
that the equation has constant coefficients.



2 Converting a Higher Order ODE into a First
Order System
Let us consider the ODE
Y™+ ar )y + L+ an(t)y = b(D). (1)

We can replace this ODE by an equivalent n x n system of first order ODE’s by
applying a simple procedure that we will describe now. Define auxilliary variables

x1, %2, ..., o, (all depending on t) as follows:
T = Yy
Ty = xy=1y
T3 = ay= y®
tn o= ap =y

Then, we can compute z], by using equation (1):

o= Y™ = —a,(t)y — an1(t)y — ... —ar()y™V +b(t)
= —a,()x1 — an_q1(t)xe — ... —ay(t)x, + b(t).

Therefore, the following system of linear first order ODE’s must be satisfied:

T =T,
2, = —a,(t)ry — an_1(t)x2 — ... — ay(t)x, + b(1). (2)
Conversely, if the system above is satisfied, then the equations 1 = y,...,x, =
y Y 2l =y = —a,(t)y — ... — a1 ()y™ Y + b(t) show that the original ODE is

satisfied. Hence there is a one to one correspondence between solutions of the ODE
(1) and the 21 component of the solutions of the system (2).



The system that we obtained can be written in matrix form as follows:

- -/ - - — - — -

Ty . 0 1 0 o 0 T2 0
- +
Tn-1 0 0 e e 0 1 Tp—1 0
R | —an(t) —ap—1(t) ... ... —ao(t) —ar(t)| | @ | |D(2)]

Example 2.1 Let us convert the third order ODE
y" +3y" — ty' + 2y = cost
into a first order system. According to the procedure described above, x; =y, x| =
ro =y, 0y =x3=1y" and
vy = " =-=2y+ty —3y" + cost
= —2x1 +treg — 3x3 + cost

Hence,
]’ 0 1 07 [ 0
i) = 0 0 1 To | + 0
T3 -2 t =3 |z3 cost

3 Structure of the solution set

Let us first consider the case of a linear homogenous ODE, namely an equation of
the form
y(”) + al(t)y(”_l) +...+a,(t)y =0.

Then the corresponding system x’ = A(t)x will also be homogenous. By the general
theory of nth order linear systems, there exists a basis of n linearly independent
solutions x, x® ... x( so that the general solution of the system is

X = clx(l) + 02x(2) +...+ cnx(").

Since the first component of a solution of the system gives us a solution of the ODE,
set 1, to be the first coordinate of x| 45 to be the first coordinate of x etc.
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Notice that

n Yo Un
Y Y Yn,
X(l) — yi/ , X(2) — yé’ , , X(n) = y;’i
n—1 n—1 n—1
T P i

Since there is a one-to-one correspondence between solutions of (1) and solutions of
(2), we deduce that all solutions of the homogenous ODE are of the form

Yy =ciy1 + Cy2 + ... + Crln.
Lemma 3.1 The set of functions {y1,ya,...,yn} is linearly independent.

Pmo{ Sup(pose that cléy1 + coyo + ... + Yy, = 0. By taking derivatives, we obtain
+coys ' +...+cpyn’ = 0 for every j. Therefore axM4ex®@ 4. 4e,x™ =0.
But the x(’s are linearly independent, hence ¢; =co; = ... =¢, =0. UJ

The discussion above gives us a proof of the following theorem:
Theorem 3.1 The set of solutions of a linear homogenous nth order ODE y™ +
a )y + .+ a,(t)y =0 is
y=ciy1+Cy2+ ...+ Culn
where ¢q, . .., ¢, are arbitrary constants and {y1,ya2, ..., Yn} is a linearly independent

set of functions.

In particular, the solution space has dimension n. Since any linearly independent
set of n solutions of the ODE will form a basis, the problem is reduced to finding a
set of n linearly independent solutions of the equation.

We can test a set of functions for linear independence by looking at their Wronskian:

yl y2 PR yn
y/ y/ y,’l
W(ylayQa"'7yn): ' ’
ORI CUBNY

If W(y1,v2,-..,yn) is not identically zero, then the functions must be linearly inde-
pendent.



Example 3.1 Check that y; =t, yo = t* and y3 = 1/t are solutions of the ODE
3y +t2y" — 2ty +2y =0
fort >0, and write down all solutions of the equation.
Solution:
3y + Py — 2ty + 2y =04+0—2t +2t =0

Byl + 2yl — 2y + 2 =0+ 262 — 42 + 262 = 0

6 2 2 2
t3yg’+t2yg—2tyé+2y3:—¥+Z+¥+ZIO

therefore yy1, Yo, y3 are solutions. Let us find their Wronskian:

t 2 1
tl 6
W(y17y27y3>: 1 2¢ e :_#0
02 2| ¢t
3
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Since their Wronskian is nonzero, the set of functions {y1, y2, ys} is linearly indepen-
dent. We have three linearly independent solutions for a third order linear equation,
hence by the basic theory, they must form a fundamental set. Therefore, the general
solution must be:

y(t) = it + cot® + C—;’

where ¢y, co, c3 € R.



