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§7 Geometric Transformations T

(A) lsometries
_.,..,—.n-‘-"""""'-

Dl i An isometry s a bijection of the plane which preserves
w—_‘

distances.

The fellowing three insiamqw 5\,‘,’;.\4‘

be familiar to tvcrjb-dj:

EXamPtf. 4 :‘Tr‘GHSIsHOI‘I ;J a v¢¢+'r ?
P ————— —— I

- 2
Tr, (x)) = X + U for each x¢ IR,

Example 2 . Robation  about P )H'"'"Jl' aqs)f- e:

o ——— T —r————
: cs® asing
Rot(P o) (X)) = P+ ](X—-P>
sin®  cos B

-

]mP-rhn'l' special case : Ret (P, ) : lHal{Jurﬂ_
about P .

Cxamplc 9 Rcfl::*[:: n lime R
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2 Either Xék and )(,== X
R - ,
‘Fk e X or X gk and X#X

XX !..L k 2 mic’peinf‘
of [X,X’J on K.
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Althsugh intreduced as special cases, the above will be

sten  to  contain the essential muninj .F isometries...

AFP“C&{"OH @ : (T'Ptnlll‘}'l""r” )

A problem :  Given o p.ullclu_-,ram ABCD and
a point T suck that £ TAD = X b¢T } rove

that x‘ ATD

AnTC .

Notes:  Leg T 2 Tr  (T) and note that
e an

T T' C) 1) Ccnc5:\f¢- Hence 72 = 21 = 1.
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{
mint mum .
R:flu‘h‘.an on | ‘
Application @/ ’
‘___EL__.....- A  histeric Prnbltm

" 1 A P e T T S i A
A ‘:s:,;f:.:v.u;-;;-w.-‘m,r..::.-.w':‘,-ﬁ.aw.:.szaar:u..-.z;iw" Lo



Reflection
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Mﬂ @ The Fagnane Prublti /
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The selution is
; - > X=A if Ay
A i : €. 1

e x R
b / w,‘l'lt Af h; c \< ,‘0

Given & triang le ABc P find the positton of X which makes

A1, Gl IC AL minimun, where A p

are +the feer of  the pcrpmeln‘:ulurs from X on BC} CA-) AB, %
. R tl a! . |
M 5 s j’“ 7 APP““‘H'" @/ RO'I’II{'!'IIH }
Hu’ttl
A

I lelc,A L4148 | WO leinV, |

2 WV, ) = 2]44,]sin24

%
which aTlains s least value if AAx
s an altitude . = X =H

) . 4
Preve 'PD'*-‘P” = IFA‘ . B C
A : P
Note ! T ' ¢ —
P Red (b, 50 0 } ,
pP—p’
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; q-'vcn o hianjl'-

CUABC, find X whick A ”-\
minimi Zes | \‘-._
1ax) + [nx]#lCx) . Extstence @ Real Amls*""'/;}(_
The case with A, Bj C £ 4203--
2 Tt
For any Pn‘nf .X (I'nﬁfl‘.) AR Rot(c,.lz);x--—at:
h— A
IXAL+IxmlaIxe | = 1xA]+1xxT4 1XA] 3 AR |
X muwst lie en AA if it ex;‘s-fs! |



ArPh‘ra bion @

Problem: 8 T respective midpeints of  [4,0] , [B,(]

e s S s

"“P“’h”'_‘j' Prove that
2[sT] & \AB] +lco]
equality helding iff ABCD s a drapezoid (Deffers An/jcD)

Solution : Consider half -durn  with  center S,
observe g e > T ! (anuqumﬂj

b ~—h'

ADIT,T s &

C ~— DB Pau“elaaram ‘

Eﬂ“'“b obtatns if D lies on I_A’bj ede i oni
in which case At = GD’//C’D .




Masic Propcr’ries of lsometries .

“_shnclnrd nefation ‘ *
ne i

{ Lot |SO  denote the set of isametries of le.

180 constires a grovp  wnder funchional composition : lJiFI‘SO;

“4
1 90
Pe1d0 = K €150, ¢ ve 150 ~> Vepelso.

2 lsemetries preserve nlh‘ngari{-_:, and betweenmess ..

(A stmple application of the driangle  incquality !

"_’.'__ lsometries preserve andlcs up te a chanse af- sigh.

/,E:—
i An isometry leaving  distinet  points P, Q ff;urd;

leaves all points on  the line PQ fixed .
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P

@ :_rw: rotations : Let P) Q be dlistinet Pu’n‘i&.

qi?f.\ﬂ 6, ¢ ((mod 21‘[‘) we wesh +o know

Rot(Q,49) o Rot (P, 6) i
:},—n
Remember Ahat  Rot (Py0) = Ref o R For any Tyt
inhrsec+fnJ in P with &(E,H = 94 lnd W) =

Let l = PQ . Choose ke +LIVIHJLI P with 4“‘»‘”’-9/2. :
m {kreu\jk Q with 1{?,m)= ‘P/Z" (wod T) (ned T) |

Notrce  that 4“‘;1“) - e+ ¥

Rot (Q,#)e Ret (P,0) = szaRgFenﬁgfeaRpfk
= Ref o Ref k
- Bille
& translation o R,{-(M) 6+ CP)
f 0+9 = 0 (med 2v) where kR jm = )‘M}

it 9+ @ £ o(wmid 27)




Arp]irnh'bn v The faekt we have nodiced ghout the way In
e

Wl\ff-h i wo l"&+l“°h$ are famrgigtl can e CIMP,’J“J bo
great advm‘iajc- The {'u”awan B = wlesfes
Problem 3, Seleed ed pn”cms ﬂ

To prove! \M,'Mc\ = \AM"\
e i

MM L AM. -

Ml
L—'\—-ﬂwﬁ—-‘-—"q

Note  Ahat Ret (M, Ve Rt (M, i/ ) viA s
o half-turn  gencing A inbe B . It cenber s the

P

hm‘clroin't C! of [A,D],Tlu's shews that M.C/Mb Is an

right
noscles Piriangley  and Ret (¢ 7). Me—My
) : A -'""') M‘
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¢ Classl.rfca'{'l’e_:l_:
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(1) 1f an isometry leaves +hree non-collinear points .Fr:reJ}-

then (& 1s  the it{en'!'i{j map -
(‘Th-‘: observation s equivalsnri' 4o the following :

Il 4wo Isemetries  agree ot Yhree non- collincar

points 5 then -Huj are fdentical L)

¢
(il) Swuppese an i50m¢+r3‘/leavcs two
fixed . We have a[rc.a.clj sbserved dhat

by ©. Consider  C FA® . Thire ave iwe

distinct points A0
all points on AR

are fixed

Pos:ib:’h’h‘ts . [“1) Prc)=C . In 4his case 3 obvu‘nusj_q

¢ = 0d. (i12) PO #EC: Ler €7 e dhe foof
w‘ ave

of 1he Pcrpendicu[ar' from C onie ABY (e’ e <

Thus ¥ (cc’) = CC’ and PC) = € (C/’ Since

PIFC, ¢ wust b Ref,

(iil:) Suppose an i-""""'l"'_'j ¢ has unique

{H’Ed Po,'h{- P , Consider o istinet pu’ni‘.} A_,B #* P
let Pra)= A’ P Pln) = B/. Let ke the rnrpcﬂfh’f“'
lar bisector of [A;Afj ) Pu'l‘ ’}; = Rng (B)
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SR S G s e e R

e [
= %
ﬁﬁ?ﬁ =
/N y
at
Y/ [/
Iy f{i A

As ' \
% bPA = 4E?A+ LAPR — XAPB
= 4 APP = 4 APB’

we ram.-‘uc‘r. from IP?;] = |Pn ] = lPi‘.‘:/I that

~ /
Ref (B) =B

P s P
- oRef'k ¢ A -—-)A’/
h —» B
that ¢ = Ref o Ref = Ret(F,0)
Al &
where B = 24’.[&) FA’):#APA/.




(iv) Finally , suppose that an isemetry P leaves
ho parn{' 'Fl'xed- For any P ¢ 1R1 let P/= ®(P) and

" - =ty
pv w = PP . The rscml*'fﬂ) Tr'_,' 4 has

at  ont -Fl.\HJ ?aini' and can be ‘l'ru&cé as in the
above items.

In any cast W e gbsu’vc that any :'.sumei'r_ﬂ

be expressrc' as the concatenation of

can
ad most 'l"b_l:_ff; reflections .
'_’-H\l'-
' : jﬂ * L4 ‘ p
(D) iﬁmo‘!‘]ﬁt'}j . #“ﬂuf ,E hom theid 'rl'“o 'q “rn“l"ujl
A
Definition: Qn‘vr.n P “2:' and o € R - gu'} ihe
heme{‘hdj oh le with ,:'enhr, P and “ratio of s;mi}i-!-u:lz” x
% a map
Hom (P, x ) : R" — IR?.
defined b

Weslifmy ) =08 «(%='F) .
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jj“i‘\ E’i“" HBm(P}-{) = Ro‘l’(P} T)

It can be easily checked that o homothety maps Ithes
inte ” Fl.ru”l[ lines, preserves an_gles-

{
Applr'cnﬂmo: The ?mulisl Iumdh:’tJf/ in a '}rfans'e-'

Heom (&-,-Z)

/

B — b’

C'...--—---)c’

The Punch-“nt
H s mcrptcl inte the
orthocentre a.F ,{’B’Cf wa'th

is 0 =

hus!
:—-—-—i- Hom (Gr,-'/‘) (H) = O.

i r
ithlr'I“H“' CQHS‘q“II‘ICC . 0, G’; H ared (o néa

”Hu. Téuler Line “  and GO:GH =-1:2.

Action of a komo'”uij on a circle:
M e —————
Let r fO, R) stand -Fer the clrele !f radius

Rl center O
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:.T* can e reada’lj checked that

Hom (P, 3) (T(o,R) = Moo, jplR)

here 0" = Hem (P,2) (0) .

There (5 a striking converse |

Clcmriu”j bwo clrcles ure hemothebie in two ways .

’

— r
If = F(o;R) }.u nm.“”mhi? #O’
r'= r[’D:,R’) on-censracn‘i’ R + R’
’

dhen [

where : ,
Po.P 0 = ’R:R |

and PO 'P;"t.of= -R:R
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Non-slnlric gituations
MA —

\ 0 = O, ¢+ |n +his case we may (

take 2 P =0=0 ‘

’ P[ni CJrl' .

’ P the miﬂ\pninl’ of |

O#O blilt' R:R 2 - s ) I

’ ]
[o, 0/ ] but ’P“% lies ot infinity

Inferesting situations :

P;.d‘. r
[ 4
M 3
H ] c(tfl'nln
% @ Thts ) L_\, the way ) i a anA way f 14 ) |
?’ -_I-an&:n‘l’

ut

”t.x-hrnu“_-, -Ian_gm* ” anel "@hrmlb

PuFrJ l{ n’rclt‘:» '

A Pri“”""- k/f ete. anc ‘Huf'

lication @ '
App a
A‘) [5}5 art co“:?n: rr', r!

soludion: let 2= SRR
: k-—-)e

Nete ! Hom (5)2) ' """"P
Hnu;_' 1

and therefore ./ |

-‘;.' L



A”h‘cah'm @ The 9. point circle revisited ﬂw

%
Clearly the medial hnmal]u'ld ” sends (0) the circum -
circle n-r ABC into  +he Eircum clrele of Afn’b,('.,
Whare s the cender a-f the sccond huma‘l’lﬂ.tj which |

dloes the sam¢  thing 7 Of conrse , the rativ of

Simi litude must be ‘.i this #+mme | A simple [nspece

shows +hat 4he rquln.:" Hcma%c{j is

tion

Hom (H) '/2) ~ This with a wehlth

.[nC"' Pravidts ws

of 1'n'rormu'hon: Such as : Mrdpoints of [H,AJ,IHJB]’

dhe clrcumcirele

[H,C] ) [H) H‘]) TH;HI.J,IH,H‘J lie on
a[. A’rb’c,_.._- __,_,.5;—-) The namt ,,9-pu'nb—clrr.|z I/
l”us’fruh'm!

The
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wh result: External

A :lns!lct‘ anJ r.Hur -}-" w;”-kh'

from among theee cireles

lﬂnmv*"nt{j clrc]r.s oF Pair_s

Posihun “ are collincar l A simrlt aPp)iCa'l'rm

&
in J‘ntfﬂl

of the Menelaus.

Fiest apply bhe
Afpliu’l’l'cn @ leo"h}d'.
Bl %)

_ Mtaldl komnﬂu‘j sirikes gdaln )
1) T 1 the Nndl‘ Pafnf of A!B’C,;

1) G, 7T, N are collintar and

GI:GN =-1° 2 ;
Obscrve ¢ If [6,@1 is a diameder of
(1) then  A,Q Sa ar collinear [ Why
Thas AT // ASa ; this shows f!)'

thet M!t‘ll'al hlmﬂ"ht"_’ srnAS N
inte I '.

7))
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