MATH 373 - GEOMETRY |

FINAL EXAMINATION

FAMILY NAME OTHER NAMES GRADE

1ith January 2011, Duration ; 2.5 hours.

Six questions : 8+8,44+8+4+44+4,84+44+-8,8,8,44+4+44+4+8
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1. Given a triangle ABC, consider P € BC — {B,C}, Q € CA—-{C,A}, R €
AB — {A, B} such that AP, BQ, CR are concurrent. Let QR, RP, PQ meet BC,
CA, AB in X, Y, Z respectively. Prove that

(A} X, Y, Z are collinear.

(BY AP, BY, CZ are concurrent or parallel.
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2. Let ABC be a triangle with orthocenter H, incenter I and centroid ¢ Given a
point X, let G,, Gp, G. be the centroids of XBC, XCA, X AB respectively.

(A) Prove that GG, is parallel to BC and GG, is parallel to AX .

(B) How can we choose ¢, 8 € R so that

Hom X, ﬁ) o Hom (G, )(ABC) = GaGhG 7
(C) Show that the centroid of GoGeG. is on the line XG . Where is it exactly 7

(D) If X = H prove that G is the orthocenter of the triangle GGG,
(E) If X = I which remarkable point of the triangle G,GyG. is the point G 7
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3. Consider a positively oriented triangle ABC and positively oriented equilateral
triangles BSC, CTA, AUB.

(A) Let AS intersect BC in X. Comparing the (oriented) areas of the triangles
A}bB and A}zc compute XB/XC in terms of the angles B and ' .

(B) Prove that AS, BT, CU are concurrent.

(C) Let M,, My, M, be the centers of the equilateral triangles BSC, CT A, AUB.

First proving

Rot (M,,, 2 /3) o Rot (M 9 /3) = Rot (Ma, o /3)

or otherwise, show that M, M,M, is an equilateral triangle.
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4. Given triangle XY Z, let T be a point on Y'Z and let F, G be points on XY, Let
FT meet XZ in H, GT meet XZ in K, ZF meet XT in M and ZG meet XT in
N. Prove that KM and HN intersect on on XY or KM, HN, XY are paraliel.
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5. Let o be an ellipse. Prove that the set of points from which the tangents to ¢
are perpendicular to one another, is a circle. _
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6. (A) What is the image of the circles (x — 1)®+¢* = Ll and (z — 2)* + ¢ = 4
under the inversion Inv(((}, 0), 1) 7

(B) What is the image of the lines * = 3 and z = &5 under the inversion
Inv(({), 0),30) ?

(C) What is the image of the circles (z — 1> +¢? = land 2® + (y - 1)° = 1
under the inversion Inv(({], 0), 6) ? .

(D) What is the image of the circle {z — 1)* + ¢ = 1 under the inversion
Inv((ml,o)ﬁ) 7
{ (E) Find the homothety centers of the circles in (D).
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