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ME 208 Dynamics, 2-D Kinematics of Particle & Rigid Body is a must

ME 301 Theory of Machines I (or equivalent) , Kinematics is a must

ME 431 Kinematic Synthesis of Mechanisms (or equivalent) is strongly

recommended

Burmesterõstheory [Ludwig Burmester (1840ð1927 )] for finitely separated position

synthesis , circle point curve (K) and center point curve (M)]

Graduate level mathematics, complex number algebra , and geometry is

strongly recommended

An interest to advanced planar kinematics in the graduate level is

recommended

Course Requirements
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Fall 2020 Course Policy ( Online Teaching )

Course Instructor E-mail

Dr . Ergin TÖNÜK tonuk@metu .edu .tr

Course Grading (Tentative )

Midterm (25%), homework assignments (20%) term project (25%), final exam

(30%).
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Course Web Site

https ://odtuclass .metu .edu .tr/

Examinations

The dates of all examinations will be arranged and announced by the Department

Make -up Examinations

Make -up examinations may be given to those with valid excuses approved by the

Department . If you are eligible to take any of the make -up examinations, you must report

to your course instructor within one week after the regular exam date . Expect a harder

exam compared to the regular one.

Course Content (tentative )

1. Introduction & Review

2. Canonical Representation of Plane Motion

3. Curvature Theory : Infinitesimal Plane Motion

4. Cubic of Stationary Curvature

What to Expect

This is an advanced kinematics course . You will definitely need kinematics part of ME

301 Theory of Machines I. If you have already attended ME 431 Kinematic Synthesis of

Mechanisms you would appreciate the analogy between finitely separated positions of ME

431 and infinitesimally separated positions of ME 519 . Although the course title contains

the word analysis we will use analysis methods to synthesize (i.e. design) planar

mechanisms . There may be some analysis of spatial mechanisms like 3-D four -bar and

slider -crank at the end if time permits .
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1. Canonical Representation of Plane Motion 2

2. Curvature Theory: Infinitesimal Plane Motion 2

3. Cubic of Stationary Curvature 2
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Based on:

1 Söylemez Eres, Unpublished Lecture Notes on ME 431

2 Söylemez Eres, Unpublished Lecture Notes on ME 519



Å It is a group of rigid bodies (links ) connected to each

other by rigid kinematic pairs (joints ) to transmit force

and motion .

Å It is a kinematic chain where one of the links is fixed .

ÅA mechanical machine is defined as a combination of

resistant bodies so arranged that by their means the

mechanical forces of nature can be compelled to do work

accompanied by certain determinate motion 1.

Mechanisms are the basic building blocks of mechanical

machines . A machine is designed for a specific task using

appropriate mechanisms .

0. Introduction and Review

Mechanism
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1 Reulaeaux , Kinematics of Machinery, 1876



a. Functional Synthesis : Determination of candidate

mechanisms that can realize a set of given (or implied)

functional requirements .

b. Type Determination : Investigation of known mechanisms

for their topological characteristics .

c. Kinematic Analysis : Determination of kinematic

characteristics (position, velocity and acceleration) of a

known mechanism .

d. Kinematic Synthesis : Determination of mechanism

parameters (mostly link lengths) to realize a given

motion (position, velocity and/or acceleration) for a

mechanism whose topological characteristics are known .

Kinematics of Mechanisms
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1. Multiple (Finitely Separated) Position Synthesis : Locate key geometric loci like
revolute joints (on a circular path) or prismatic joints (on a straight path) using
the kinematics of the required motion . Recall that you have a finite number of
design parameters so you cannot (mostly ) do the design for the entire (i.e.
infinitely many ) positions, a continuous path or function . This leads to
Burmesterõstheory (ME 431 ).

2. Infinitesimally Separated Position/Order Synthesis : Order approximation of a
mechanism existing at a point . For the real finite motion around the
neighborhood of the design position, the motion is matched to the desired
motion as much as possible . This leads to curvature theory (ME 519 )

3. Optimization Synthesis : It involves minimizing or maximizing an objective
function so that the desired motion is òbestómatched . As a simple example,
recall Chebyshev spacing for function synthesis and manually relocation of
precision points in ME 431 .

4. òBestóMatch from a Catalogue or a Database : An extensive catalogue or
database having many possible mechanisms is searched by a human expert,
artificial intelligence, expert system, machine learning etc. for the òbestómatch .
Some ancient printed catalogs are:
Å Hrones & Nelson, òAnalysisof the four -bar linkage ; its application to the synthesis of

mechanismsó,Technology Press of the Massachusetts Institute of Technology, and Wiley,
New York, 1951 , TJ183 .H7.

Å Chironis , òMachinedevices and instrumentation : mechanical, electromechanical, hydraulic,
thermal, pneumatic, pyrotechnic, photoelectric and opticaló,New York, McGraw -Hill 1966 ,
TJ213 C532 .

Å (Sclater &) Chironis , òMechanismsand mechanical devices sourcebookó,McGraw -Hill 1965 ,
(2001 , 2007 ) TJ181 .C4 (.S28 2001 , 2007 ).

Å Artobolevskii , òMechanismsin modern engineering design ; a handbook for engineers,
designers, and inventorsó,Mir Publishers, 1975 -1980 , TJ181 .A7813 (7 Volumes! )

Four Methods of Dimensional Mechanism Synthesis
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l: Degree of freedom of the unconstrained bodies in the
mechanism space

Љ: Number of links of the mechanism (including fixed link)

j: Number of joints of the mechanism (ternary, quarternary , etc. joints! )

f i: Degree of freedom of i th joint

F: Degree of freedom of the mechanism

Ὂ ‗Љ Ὦ ρ Ὢ

Remember exceptions!
Ὂ πmechanism requires F actuations for kinematically deterministic motion .

#of actuators < F: Under -actuation, motion is determined by forces (typical examples are car differential
and safety stops) .

Ὂ πstructure (immobile) unless has special dimensions .

Ὂ π over-constraint (number of òredundant óconstraints is |F|) and immobile
unless has special dimensions (also forces cannot be determined unless equations of
equilibrium/motion are complemented by |F| number of equations relating
deformations of the links ).

Degree of Freedom of Mechanisms
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Derivation :

In planar motion Љlinks with no joints has Ὂ σЉ ρ

k 1 joints (revolute & prismatic) constrain 2 freedoms

k 2 joints (cylinder in slot) constrain 1 freedom

Ὂ σЉ ρ ςὯ Ὧ

Kutzbach formula !

Similarly in 3-D space:

Ὂ φЉ ρ υὯ τὯ σὯ ςὯ Ὧ

Replace 3 and 6 in the above equation with  l

Constraints imposed by i th joint is ‗ Ὢ

Constraints imposed by all joints В ‗ Ὢ ‗ὮВ Ὢ

Then Ὂ ‗Љ ρ ‗ὮВ Ὢ

Simplification yields Ὂ ‗Љ Ὦ ρ В Ὢ

Degree of Freedom of Mechanisms
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Aranhold -Kennedy Theorem : In planar motion the instant

centers of any three links (whether they are connected by a

joint or not) lay on a straight line .

The number of instant centers of a mechanism having Љ

links is ὔ
ЉЉ

The instant center is denoted by Ὅ and this point is

momentarily coincident on links i and j (momentarily has

zero relative velocity) . If one of i or j is 1 then it is the

absolute instant center with zero absolute velocity .

Otherwise the relative velocity of this point with respect to

link i (or j) on link j (or i) is momentarily zero. Remember we

may consider links as infinite planes .

Instant Centers in Plane Motion

ME 519 Kinematic Analysis of Mechanisms



Instant Centers of Four -Bar
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I12

https://ocw.metu.edu.tr/pluginfile.php/1845/mod_resource/content/1/ch5/5 - 1.htm



Instant Centers of Four -Bar
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I13

I12

I12 I23­ I13

I14 I34 ­ I13



Instant Centers of Four -Bar
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I13

I24

I12 I14­ I24

I23 I34­ I24

ὔ
ЉЉ ρ

ς

ττ ρ

ς
φ



Instant Centers of a Multi -Loop Mechanism
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2

3

4

5

6

Number of instant centers :

ὔ
ЉЉ ρ

ς

φφ ρ

ς
ρυ



Instant Centers of a Multi -Loop Mechanism
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I12

2

3

4

5

6

Obvious instant centers :

I23
I34

I14

I35

I16

I56
¤

I56
¤



Instant Centers of a Multi -Loop Mechanism
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I12

2

3

4

5

6

Determination of other instant centers :

ÅWrite numbers up to Љ

I23
I34

I14

I35

I16

I56
¤

1 2

3

45

6

I56
¤



Instant Centers of a Multi -Loop Mechanism
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I12

2

3

4

5

6

Determination of other instant centers :
Å Write numbers up to Љ

Å Connect the numbers with a line for known instant centers

I23
I34

I14

I35

I16

I56
¤

1 2

3

45

6

I56
¤



Instant Centers of a Multi -Loop Mechanism

ME 519 Kinematic Analysis of Mechanisms

I12

2

3

4

5

6

Determination of other instant centers :
Å Write numbers up to Љ

Å Connect the numbers with a line for known instant centers

Å I12, I23 and I14, I34 yields I 13

I23
I34

I14

I35

I16

I56
¤

1 2

3

45

6

I 13

I56
¤



Instant Centers of a Multi -Loop Mechanism
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I12

2

3

4

5

6

Determination of other instant centers :
Å Write numbers up to Љ

Å Connect the numbers with a line for known instant centers

Å I12 , I23 and I14 , I34 yields I13

Å I23, I34 and I12, I14 yields I 24

I23
I34

I14

I35

I16

I56
¤

1 2

3

45

6

I13

I 24

I56
¤



Instant Centers of a Multi -Loop Mechanism
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I12

2

3

4

5

6

Determination of other instant centers :
Å Write numbers up to Љ

Å Connect the numbers with a line for known instant centers

Å I12 , I23 and I14 , I34 yields I13

Å I23 , I34 and I12 , I14 yields I24

Å I13, I35 and I16, I56 yields I 15

I23
I34

I14

I35

I16

I56
¤

1 2

3

45

6

I13

I24

I56
¤

I 15

I56
¤



Instant Centers of a Multi -Loop Mechanism
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I12

2

3

4

5

6

Determination of other instant centers :
Å Write numbers up to Љ

Å Connect the numbers with a line for known instant centers

Å I12 , I23 and I14 , I34 yields I13

Å I23 , I34 and I12 , I14 yields I24

Å I13, I35 and I16, I56 yields I15

Å I13, I35 and I16, I56 yields I 45

I23
I34

I14

I35

I16

I56
¤

1 2

3

45

6

I34

I13, I 45

I24

I56
¤

I15

I56
¤



Instant Centers of a Multi -Loop Mechanism
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I12

2

3

4

5

6

Determination of other instant centers :
Å Write numbers up to Љ

Å Connect the numbers with a line for known instant centers

Å I12 , I23 and I14 , I34 yields I13

Å I23 , I34 and I12 , I14 yields I24

Å I13 , I35 and I16 , I56 yields I15

Å I14 , I45 and I16 , I56 yields I45

Å I12, I15 and I23, I35 yields I 25

I23
I34

I14

I35

I16

I56
¤

1 2

3

45

6

I56
¤

Continue the construction yourself!



Instant Centers of a Multi -Loop Mechanism
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I12

2

3

4

5

6

Determination of other instant centers :
Å Write numbers up to Љ

Å Connect the numbers with a line for known instant centers

Å I12, I23 and I14, I34 yields I13

Å I23, I34 and I12, I14 yields I24

Å I13, I35 and I16, I56 yields I15

Å I14, I45 and I16, I56 yields I45

Å I12, I15 and I23, I35 yields I25

Å I12, I16 and I25, I56 yields I 26 I23
I34

I14

I35

I16

I56
¤

1 2

3

45

6

Continue the construction yourself!

I56
¤



Instant Centers of a Multi -Loop Mechanism

ME 519 Kinematic Analysis of Mechanisms

I12

2

3

4

5

6

Determination of other instant centers :
Å Write numbers up to Љ
Å Connect the numbers with a line for known instant centers

Å I12, I23 and I14, I34 yields I13

Å I23, I34 and I12, I14 yields I24

Å I13, I35 and I16, I56 yields I15

Å I14, I45 and I16, I56 yields I45

Å I12, I15 and I23, I35 yields I25

Å I12, I16 and I25, I56 yields I26

Å I13, I16 and I35, I56 yields I 36 I23
I34

I14

I35

I16

I56
¤

1 2

3

45

6

Continue the construction yourself!

I56
¤



Instant Centers of a Multi -Loop Mechanism
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I12

2

3

4

5

6

Determination of other instant centers :
Å Write numbers up to Љ
Å Connect the numbers with a line for known instant centers

Å I12, I23 and I14, I34 yields I13

Å I23, I34 and I12, I14 yields I24

Å I13, I35 and I16, I56 yields I15

Å I14, I45 and I16, I56 yields I45

Å I12, I15 and I23, I35 yields I25

Å I12, I16 and I25, I56 yields I26

Å I12, I16 and I25, I56 yields I36

Å I34, I36 and I45, I56 yields I 46 I23
I34

I14

I35

I16

I56
¤

1 2

3

45

6

Continue the construction yourself!

I56
¤



Two Positions : Two circle points can be selected freely on
the moving plane . The center points can be anywhere on
the perpendicular bisectors of the circle points .

Three Positions : Two circle points can be selected freely on
the moving plane . The center points are the centers of the
circle points (unique for selected circle points!) .

Four Positions : Two circle points should be select on
Burmesterõs(K, circle point) curve on the moving plane . The
center points are the corresponding points on Burmesterõs
(M, center point) curve .

Five Positions : Use four positions at a time twice, say 1, 2,
3, 4 and 1, 2, 3, 5. Draw BurmesterõsK and M curves for
both . The curves may intersect at most 3 or less points .
Intersections of two K and two M curves are the circle and
center point candidates respectively .

Very Brief & Over Simplified Summary of 

BurmesterõsTheory of ME 431 (1/7)

ME 519 Kinematic Analysis of Mechanisms



Two Positions : Two circle points can be selected freely on

the moving plane (A1 and B1 in position 1, corresponding

homologous points in Position 2 are A2 and B2). The center

points can be anywhere on the perpendicular bisectors of

the circle points .

Very Brief & Over Simplified Summary of 

BurmesterõsTheory of ME 431 (2/7)

ME 519 Kinematic Analysis of Mechanisms



Two Positions : Two circle points can be selected freely on

the moving plane (A1 and B1 in position 1, corresponding

homologous points in Position 2 are A2 and B2). The center

points (A0 and B0 respectively) can be anywhere on the

perpendicular bisectors of the circle points a12 and b12

respectively .

Very Brief & Over Simplified Summary of 

BurmesterõsTheory of ME 431 (3/7)

ME 519 Kinematic Analysis of Mechanisms



Three Positions : Two circle points (A1 and B1) can be

selected freely on the moving plane . The center points are

the centers of the circles defined by three points (this time

unique!) .

Very Brief & Over Simplified Summary of 

BurmesterõsTheory of ME 431 (4/7)

ME 519 Kinematic Analysis of Mechanisms



Four Positions : Two circle points should be select on

Burmesterõs(K, circle point) curve (because you cannot

pass a circle through arbitrarily selected four points, these

four points must define a circle!) on the moving plane . The

center points are the corresponding points on Burmesterõs

(M, center point) curve .

Very Brief & Over Simplified Summary of 

BurmesterõsTheory of ME 431 (5/7)

ME 519 Kinematic Analysis of Mechanisms



Five Positions : Use four positions at a time twice, say 1, 2,

3, 4 and 1, 2, 3, 5. Draw BurmesterõsK and M curves for

both . The K1234 and K1235 curves and M1234 and M1235 curves

may intersect at most 3 (or less points) . Intersections of two

K and two M curves are the circle and corresponding center

point candidates respectively .

Please note that in four position synthesis you could trace the

points on K curve (therefore had infinitely many solution

candidates) however in five position synthesis you have just a finite

number of solutions (at most 6 different four -bar mechanisms for a

given motion, consequences in the next slide) .

Very Brief & Over Simplified Summary of 

BurmesterõsTheory of ME 431 (6/7)
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Some Problems of Position Synthesis

1. Although the mechanism exits in all design positions, all

the positions may not be in the same branch .

2. The positions may not be followed in order when the

mechanism is driven .

3. The transmission angle may not be favorable during the

whole range of motion .

4. The link lengths may not be suitable for specific

applications, joints may not be on desired areas .

5. During intermediate positions practical obstacles may

not be avoided .

6. etcé

Very Brief & Over Simplified Summary of 

BurmesterõsTheory of ME 431 (7/7)

ME 519 Kinematic Analysis of Mechanisms



ME 301 Theory of Machines I

Transmission Angle :
Alt [1] defined the transmission angle as:

ὸὥὲ‘
Ὂ

Ὂ
ÏÒίὭὲ‘

Ὂ

Ὂ

[1] Alt, Hermann (1889 - 1954 ). Der Übertragungswinkel und seine Bedeutung für das Konstruieren periodischer

Getriebe (The transmission angle and its importance for designing periodic mechanisms ). Werkstattstechnik 26 (1932 )

61ð64 .

3

A

A0
B0

a2
a4

2

4

a3 B

q12 q14

q13

T12
T14

B

2F

2F+M

2F+M
F3 q᷁13+p

F3 q᷁13+p

F3 q᷁13+p

F3 q᷁13

F3 q᷁13

F3 q᷁13

F3
d

F3
p

m



Kinematic Analysis
1. Graphical Solution of Loop Closure Equations

2. Stepwise Solution of Loop Closure Equations

3. Analytic ðClosed Form Solution

4. Numerical Solution

Law of cosines :

ί ὥ ὥ ςὥὥὧέί—

ί ὥ ὥ ςὥὥὧέί‘

ὧέί‘
ὥ ὥ ὥ ὥ ςὥὥὧέί—

ςὥὥ

The extremums of the transmission angle is

Ὠ‘

Ὠ—
ίὭὲ— πO

— π
— “

ME 301 Theory of Machines I
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3

4

A

B

A0 B0

a3

q12

a2
a4

a1

m



ME 301 Theory of Machines I

Transmission Angle :



ME 301 Theory of Machines I

Mechanical Advantage :
Definition : The mechanical advantage of a mechanism is

the instantaneous ratio of output torque (force) to input

torque (force).

For a four bar mechanism where input is link 2 and output

is link 4

ὓὃ
Ὕ

Ὕ

3

A

A0
B0

a2
a4

2

4

a3 B

q12 q14

q13

T12
T14

B

2F

2F+M

2F+M
F3 q᷁13+p

F3 q᷁13+p

F3 q᷁13+p

F3 q᷁13

F3 q᷁13

F3 q᷁13

F3
d

F3
p

m



ME 301 Theory of Machines I

Mechanical Advantage :

ὓὃ
Ὕ

Ὕ

Neglecting friction, kinetic and gravitational potential energy

changes of the links (like quasi -static force analysis)

ᴖ ᴖ

Ὕ ‫ Ὕ ‫

ὓὃ
Ὕ

Ὕ

‫

‫

3

A

A0
B0

a2
a4

2

4

a3 B

q12 q14

q13

T12
T14

B

2F

2F+M

2F+M
F3 q᷁13+p

F3 q᷁13+p

F3 q᷁13+p

F3 q᷁13

F3 q᷁13

F3 q᷁13

F3
d

F3
p

m
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Mechanical Advantage :

ὓὃ
Ὕ

Ὕ

‫

‫

—

—

ὥίὭὲ— —

ὥίὭὲ— —

ίὭὲ— — πȟὓὃO Њ Dead centers!

ίὭὲ— — πȟὓὃ πȟ‘ πor ‘ ρψπЈ



Geogebra is a free tool for mathematics, graphics, geometry

etc.

Mechanism analysis and synthesis started with graphical

methods, using drafting tools like ruler, compass, T-square

etc. (i.e. geometry!)

With the evolution of digital computers the mathematics

behind geometry was formulated as analytic methods .

With the evolution of parametric CAD software packages

(e.g. SolidWorks, NX, Catia, etc.) the intuitive graphical

methods became popular again .

Geogebra Classic which can be downloaded or used as a

web application is a simple and intuitive tool to replace

expensive CAD programs for mechanism analysis and

synthesis .

Graphical Methods and Geogebra

ME 519 Kinematic Analysis of Mechanisms

https://www.geogebra.org/
https://www.geogebra.org/download
https://www.geogebra.org/classic


Position analysis of a crank -rocker four -bar utilizing graphical methods

on Geogebra :

The loop closure equation for virtually disconnecting and re-connecting

revolute joint B (i.e. B3 and B4 coincident) is:

ὥὩ ὥὩ ὥ ὥὩ

For a given — A is fixed, B3 traces a circle of radius ὥ centered at A

and B4 traces a circle of radius ὥ centered at B0. The two intersection

points of these two circles yield two locations of point B for the current

position for two closures of the mechanism .

Graphical Methods and Geogebra

ME 519 Kinematic Analysis of Mechanisms

2

3

4

A

B3

A0 B0

B4

a2

a3

a4

q12

q13

q14

a1

https://www.geogebra.org/


Position analysis of a crank -rocker four -bar utilizing graphical methods

on Geogebra :

Complete the two closures and run the mechanism by controlling given

— by the slider .

Graphical Methods and Geogebra

ME 519 Kinematic Analysis of Mechanisms

https://www.geogebra.org/


Analysis of plane motion requires certain

parameters . A typical selection may be a,

b and f(recall degree of freedom of a rigid

body in plane motion is 3 therefore one

needs three independent parameters to

define the motion completely) . Depending

how the motion is defined, further, either

two of these parameters may be defined

as a function of the third parameter or all

may be defined as a function of another

independent parameter, most commonly

time .

Selection of parameters to define the

motion is totally arbitrary but by using

canonical representation of plane motion

one may define the plane motion in a

unique way .

1. Canonical Representation of Plane Motion

ME 519 Kinematic Analysis of Mechanisms

X

Y

x
y

O (a, b); (0, 0)

f

A (X, Y); (x, y)

q

c

z

Z



Theorem 1: In every plane motion there exists a point which has

zero velocity at the instant considered . This point is called the

instant center of zero velocity/rotation pole1.

Theorem 2: Every point on the moving plane rotates about

instant center of zero velocity with a speed that is equal to the

product of distance of the point to the instant center and the

angular velocity of the plane . Recall from dynamics, ‫
Ⱦ

Ⱦ Ⱦ
Ễ ɇ

ɇȾ
and ᴆὺ ‫ ᴆὶȾ

Theorem 3: The motion of the moving plane is pure rolling of

moving centrode (locus of instant center on moving plane) on the

fixed centrode (locus of instant center on fixed plane) .
1 This can be extended to MozziðChasles ' theorem that the most general rigid body

displacement can be produced by a translation along a line (called its screw axis or

Mozzi axis) followed (or preceded) by a rotation about an axis parallel to that line in 3-

D. Also recall Chaslesõtheorem for finitely separated two positions (ME 431 ) which

boils down to the instant center of zero velocity at the limit when two positions are

infinitesimally close!

1. Canonical Representation of Plane Motion

ME 519 Kinematic Analysis of Mechanisms

http://www.me.metu.edu.tr/courses/me431/download/ME431.Handout_1_2016.pdf


Theorem 1: In every plane motion there exists a point

which has zero velocity at the instant considered . This

point is called the instant center of zero velocity/rotation

pole.

Proof :

A is a fixed point in the moving

plane x-y

ὤȟᾀȟὧᶰᴇ
ὢȟὣȟὼȟώȟ—ȟ‰ᶰᴙ
ὤ ὢ Ὥὣ
ᾀ ὼ Ὥώ
ὧ ὥ Ὥὦ
ὢ ὥ ὼὧέί‰ ώίὭὲ‰
ὣ ὦ ὼίὭὲ‰ ώὧέί‰

or

ὤ ὧ ᾀὩ
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X

Y

x
y

O (a, b); (0, 0)

f

A (X, Y); (x, y)

q

c

z

Z



Theorem 1: In every plane motion there exists a point

which has zero velocity at the instant considered . This

point is called the instant center of zero velocity/rotation

pole.

Proof (contõed):

ὢ ὥ ὼὧέί‰ ώίὭὲ‰
ὣ ὦ ὼίὭὲ‰ ώὧέί‰
ὤ ὧ ᾀὩ

Taking time derivative :

ὢ ὥ ‰ὼίὭὲ‰ ‰ώὧέί‰

ὣ ὦ ‰ὼὧέί‰ ‰ώίὭὲ‰

ὤ ὧ Ὥ‰ᾀὩ

For ‰ π
Ὠ

Ὠὸ

Ὠ

Ὠ‰

Ὠ‰

Ὠὸ
‰
Ὠ

Ὠ‰
Ὠ

Ὠ‰
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Theorem 1: In every plane motion there exists a point

which has zero velocity at the instant considered . This

point is called the instant center of zero velocity/rotation

pole.

Proof (contõed):
Ὠὤ

Ὠ‰

Ὠ‰

Ὠὸ

Ὠὧ

Ὠ‰

Ὠ‰

Ὠὸ
Ὥ
Ὠ‰

Ὠὸ
ᾀὩ

Ὠὤ

Ὠ‰

Ὠὧ

Ὠ‰
ὭᾀὩ

ὤ ὧ ὭᾀὩ
ὧ ὥ Ὥὦ

In Cartesian coordinates
ὢ ὥ ὼίὭὲ‰ ώὧέί‰

ὣ ὦ ὼὧέί‰ ώίὭὲ‰
ὉήȢρ
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y
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Theorem 1: In every plane motion there exists a point
which has zero velocity at the instant considered . This
point is called the instant center of zero velocity/rotation
pole (P).

Proof (contõed):

Instant center has zero velocity

ὤ πȟὢ πÁÎÄὣ π

Location of instant center

Åon moving plane ὴὼȟώ

Åon fixed plane 0ὢȟὣ

From Eq. 1

ὼίὭὲ‰ ώὧέί‰ὥ
ὼὧέί‰ ώίὭὲ‰ ὦ

Solution yields
ὼ ὥίὭὲ‰ ὦὧέί‰

ώ ὥὧέί‰ ὦίὭὲ‰

ᾀ ὭὧὩ

ὉήȢς
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X

Y

x
y

O (a, b); (0, 0)

f
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q

c

z
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P (XP, YP); (xP, yP)



Theorem 1: In every plane motion there exists a point

which has zero velocity at the instant considered . This

point is called the instant center of zero velocity/rotation

pole.

Proof (contõed):

In fixed plane

ὢ ὥ ὦ
ὣ ὦ ὥ
ὤ ὧ ᾀὩ ȟᾀ ὭὧὩ

ὤ ὧ Ὥὧ

ὢ ὥ ὦ

ὣ ὦ ὥ

ὤ ὧ Ὥὧ

ὉήȢσ

This shows instant center of zero velocity/pole exists!
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X

Y

x
y

O (a, b); (0, 0)

f
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q

c
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ZP

Z-ZP=z-zP



Theorem 1: In every plane motion there exists a point
which has zero velocity at the instant considered . This
point is called the instant center of zero velocity/rotation
pole1.

Theorem 2: Every point on the moving plane rotates about
instant center of zero velocity with a speed that is equal to
the product of distance of the point to the instant center
and the angular velocity of the plane . Recall from dynamics,

‫
Ⱦ Ⱦ Ⱦ

Ễ ɇ

ɇȾ
and ᴆὺ ‫ ᴆὶȾ

Theorem 3: The motion of the moving plane is pure rolling
of moving centrode (locus of instant center on moving
plane) on the fixed centrode (locus of instant center on fixed
plane) .
1 This can be extended to MozziðChasles ' theorem that the most general rigid
body displacement can be produced by a translation along a line (called its screw
axis or Mozzi axis) followed (or preceded) by a rotation about an axis parallel to
that line in 3-D.

Canonical Representation of Plane Motion
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Theorem 2: Every point on the moving plane rotates about

instant center of zero velocity with a speed that is equal to

the product of distance of the point to the instant center

and the angular velocity of the plane .

Proof :

ὤ ὧ ᾀὩ
ὤ ὤ ᾀ ᾀ Ὡ

Taking time derivative :

ὤ ᾀ ᾀ Ὡ Ὥ‰

ᴆὺ ‫ ᴆὶȾ

Considering the trajectory of P

Åon moving plane (Eq. 2) the moving centrode

Åon fixed plane (Eq. 3) the fixed centrode

are obtained (leads to Theorem 3).

ME 519 Kinematic Analysis of Mechanisms
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Theorem 1: In every plane motion there exists a point
which has zero velocity at the instant considered . This
point is called the instant center of zero velocity/rotation
pole1.

Theorem 2: Every point on the moving plane rotates about
instant center of zero velocity with a speed that is equal to
the product of distance of the point to the instant center
and the angular velocity of the plane . Recall from dynamics,

‫
Ⱦ Ⱦ Ⱦ

Ễ ɇ

ɇȾ
and ᴆὺ ‫ ᴆὶȾ

Theorem 3: The motion of the moving plane is pure rolling
of moving centrode (locus of instant center on moving
plane) on the fixed centrode (locus of instant center on fixed
plane) .
1 This can be extended to MozziðChasles ' theorem that the most general rigid
body displacement can be produced by a translation along a line (called its screw
axis or Mozzi axis) followed (or preceded) by a rotation about an axis parallel to
that line in 3-D.

Canonical Representation of Plane Motion
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Theorem 3: The motion of the moving plane is pure rolling

of moving centrode (locus of instant center on moving

plane, Eq. 2) on the fixed centrode (locus of instant center

on fixed plane, Eq. 3).

Proof : Rolling without slipping requires
ὨὛ

Ὠ‰

Ὠί

Ὠ‰

Ὠί

Ὠ‰

Ὠὼ

Ὠ‰

Ὠώ

Ὠ‰

Recall [Eq. 2]

ὼ ὥίὭὲ‰ ὦὧέί‰ȟώ ὥὧέί‰ ὦίὭὲ‰
Ὠὼ

Ὠ‰
ὼ ὥίὭὲ‰ ὥὧέί‰ ὦὧέί‰ ὦίὭὲ‰

Ὠώ

Ὠ‰
ώ ὥὧέί‰ ὥίὭὲ‰ ὦίὭὲ‰ ὦὧέί‰

Ὠί

Ὠ‰
ὥ ὦ ὥ ὦ
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Theorem 3: The motion of the moving plane is pure rolling

of moving centrode (locus of instant center on moving

plane) on the fixed centrode (locus of instant center on fixed

plane) .

Proof (contõed):

ὨὛ

Ὠ‰

Ὠὢ

Ὠ‰

Ὠὣ

Ὠ‰

Recall [Eq. 3]

ὢ ὥ ὦ
ὣ ὦ ὥ
Ὠὢ

Ὠ‰
ὢ ὥ ὦ

Ὠὣ

Ὠ‰
ὣ ὦ ὥ

ὨὛ

Ὠ‰
ὥ ὦ ὥ ὦ

Ὠί

Ὠ‰

ME 519 Kinematic Analysis of Mechanisms



Theorem 3: The motion of the moving plane is pure rolling

of moving centrode (locus of instant center on moving

plane) on the fixed centrode (locus of instant center on fixed

plane) .

Proof (contõed): Further,
ϳὨώὨ‰

ϳὨὼ Ὠ‰

ὦ ὥ

ὥ ὦ
ϳὨὣ Ὠ‰

ϳὨὢ Ὠ‰

ὦ ὥ

ὥ ὦ

Therefore moving and fixed centrodes share the same

tangent at the contact point which is the pole/instant

center of zero velocity!

Q. E. D .

ME 519 Kinematic Analysis of Mechanisms



Motion of Instant Center of Four -Bar I 13

ME 519 Kinematic Analysis of Mechanisms

https://www.youtube.com/watch?v=5fEIhVH1doU



Motion of Instant Center of Four -Bar I 24

ME 519 Kinematic Analysis of Mechanisms

https://www.youtube.com/watch?v=ayyafcEBsqc



Case 1: Revolute Joint/Fixed Axis Rotation :

ὧ ὶ ὧέὲίὸȢ
— ‰ ὧέὲίὸȢ
ὤ ᾀ π

Centrodes reduce to the axis of rotation .

Case 2: Prismatic Joint/Rectilinear Translation :

‰ ὧέὲίὸȢȟ‰ π

Pole at infinity in a direction perpendicular to translation axis .

Case 3: Cardanic Motion :

ὧ ὶ ὧέὲίὸȢ
— ‰

Recall [Eq. 2]

ᾀ ὭὧὩ

ὧ ὶὩ ὥ ὭὦὶὩ

ὧ ὭὶὩ

Centrodes of Some Common Motions
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Case 3: Cardanic Motion (contõed):

ᾀ ὭὧὩ
ὧ ὶὩ ὥ ὭὦὶὩ
ὧ ὭὶὩ

ᾀ Ὥ ὭὶὩ Ὡ ὶὩ

Recall [Eq. 3]

ὤ ὧ Ὥὧ ὶὩ ὶὩ ςὶὩ

This is like the motion of a planet gear of radius r0 inside a

fixed ring gear of radius 2r0 or a cylinder of radius r0 rolling

without slipping inside a fixed hollow cylinder of radius 2r0.

The pitch circles of the gears or the cylinders are known as

Cardan circles .

Centrodes of Some Common Motions

ME 519 Kinematic Analysis of Mechanisms

Two circles of radii r 0 and 2r 0



Cardan Circles
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Crank angle, q, coupler angle, f= - q

In -Line Slider -Crank ( Equal Crank and Coupler Lengths )
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Consider the coupler (floating link) of the double slider .

Please note that the two slider axes need not to be

perpendicular to each other however they are not allowed to

be parallel .

ὃὄ ὴ ή ὧ
ὢ ὴὧέί— ὬίὭὲ—
ὣ ήίὭὲ— Ὤὧέί—

ὧέί—
ήὢ Ὤὣ

ὴή Ὤ

ίὭὲ—
ὴὣ Ὤὢ

ὴή Ὤ
ίὭὲ— ὧέί— ρ

ὴὣ Ὤὢ ήὢ Ὤὣ ὴή Ὤ

Double Slider

ME 519 Kinematic Analysis of Mechanisms

X

Y

A

B

p

q

h

C(X, Y)
a

b

q



ὴὣ Ὤὢ ήὢ Ὤὣ ὴή Ὤ

Ὤ ή ὢ Ὤ ὴ ὣ ςὬὴ ήὢὣ ὴή Ὤ
Ὤ ή ὦ
Ὤ ὴ ὥ
ὴ ή ὧ

ὦὢ ὥὣ ςὬὧὢὣὴή Ὤ

This is the equation of an ellipse!

For C on |AB|

h = 0, p = a, q = b

ὦὢ ὥὣ ὥ ὦ

or

ὢ

ὥ

ὣ

ὦ
ρ

For a = b it would be a circle .

Double Slider
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X
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A
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p

q
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b

q



Cardan Ellipses
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Cardan Ellipses
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If C is selected on a circle whose diameter is |AB| then

ὥ ὦ ὴ ή ὴ ή ςὴή
ὥ Ὤ ὴ
ὦ Ὤ ή

Substitution yields

Ὤ ὴή
ὦὢ ὥὣ ςὬὴ ήὢὣ π
ὥὣ ὦὢ π

ὣ
ὦ

ὥ
ὢ

This is an exact straight line

motion mechanism whose

coupler point curve is a line

with a slope b/a passing through origin!

Double Slider

ME 519 Kinematic Analysis of Mechanisms

X

Y

A

B

p

q

h

C(X, Y)
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b

q



Cardan Motion
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Cardan Motion
The rod is connected to the external gear on its pitch circle with a revolute joint. 

Since the radius of the pitch circle of the internal gear is double of that of the 

external gear, the revolute joint on the pitch circle of the external gear will draw 

a straight line along the diameter of the pitch circle of the internal gear.

ME 519 Kinematic Analysis of Mechanisms

http://140.116.71.92/cmd/model/page/model/ntu/_L09.htm



Sample Uses of Cardanic Motion
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Case 4: Cycloidal Motion (r = const, q= kf, k ÍÁ):
Ὕ

Ὕ

‫ ‫

‫ ‫
Ὕ

Ὕ

—

‰ —
Ὕ

Ὕ
‰ — —

Ὕ

Ὕ
‰
Ὕ

Ὕ
— —

Ὕ

Ὕ
‰ ρ

Ὕ

Ὕ
—

—

Ὕ
Ὕ

ρ
Ὕ
Ὕ

‰ Ὧ‰ȟὯ

Ὕ
Ὕ

ρ
Ὕ
Ὕ

Centrodes of Some Common Motions
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T2



Case 4: Cycloidal Motion (r = const, q= kf, k ÍÁ):

Centrodes of Some Common Motions

ME 519 Kinematic Analysis of Mechanisms

Epicycloid Hypocycloid



Case 5: Coupler Motion of a Four Bar Mechanism :

Centrodes, in general, are not simple curves

For a crank -rocker the centrodes tend to infinity

For drag -link (double crank) centrodes are closed curves

Centrodes of Some Common Motions

ME 519 Kinematic Analysis of Mechanisms



Centrodes of Crank -Rocker

ME 519 Kinematic Analysis of Mechanisms

https://www.youtube.com/watch?v=5fEIhVH1doU



Centrodes of Double -Crank

ME 519 Kinematic Analysis of Mechanisms
https://www.youtube.com/watch?v=GEFZE33Vabc



Case 5: Coupler Motion of a Four Bar Mechanism (contõed):

The loop closure equation in complex form :

ὥὩ ὥὩ ὥ ὥὩ

Eliminate q14 using loop closure equation and its complex

conjugate :

ὥὩ ὥὩ ὥ ὥὩ
ὥὩ ὥὩ ὥ ὥὩ

ὥὩ ὥὩ ὥ ὥὩ ὥὩ ὥ ὥ

Simplification yields

ὥ ὥ ὥ ὥ ὥὥ Ὡ Ὡ

ὥὥ Ὡ Ὡ ὥὥ Ὡ Ὡ π

Centrodes of Some Common Motions
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Case 5: Coupler Motion of a Four Bar Mechanism (contõed):

ὥ ὥ ὥ ὥ ὥὥ Ὡ Ὡ

ὥὥ Ὡ Ὡ ὥὥ Ὡ Ὡ π

Recall Eulerõsidentity

ὧέί— ὭίὭὲ—Ὡ ȟὧέί— ὭίὭὲ—Ὡ

Sum of the two yields

ςὧέί— Ὡ +Ὡ
ὥ ὥ ὥ ὥ ςὥὥὧέί— —
ςὥὥὧέί— ςὥὥὧέί— π

Utilizing previous notation, q= q12 and f= q13

ὥ ὥ ὥ ὥ ςὥὥὧέί— ‰
ςὥὥὧέί— ςὥὥὧέί‰ π
Ὢ—ȟ‰ ὥ ὥ ὥ ὥ ςὥὥὧέί— ‰ ςὥὥὧέί— ςὥὥὧέί‰ π

Centrodes of Some Common Motions
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Case 5: Coupler Motion of a Four Bar Mechanism (contõed):
Ὢ—ȟ‰ ὥ ὥ ὥ ὥ ςὥὥὧέί— ‰ ςὥὥὧέί— ςὥὥὧέί‰ π

ὧ ὥὩ

ᾀ ὭὧὩ

ὧ ὧ
ϳ‬Ὢ‬‰

ϳ‬Ὢ‬—

ᾀ Ὥὧ
ϳ‬Ὢ‬‰

ϳ‬Ὢ‬—
Ὡ

ὤ ὧ Ὥὧ ὧρ
ϳ‬Ὢ‬‰

ϳ‬Ὢ‬—

One could use another set of variables as:

ὶȟ—ȟ‰ȟὶ ὧȟ— ὥὶὫὧȟὧ Ὡ

Centrodes of Some Common Motions
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Case 5: Coupler Motion of a Four Bar Mechanism (contõed):

Example : Anti -parallel equal crank four -bar (a > b)

ὃὃ ὄὄ ὥ
ὃὄ ὃὄ ὦ
Ὅ ὖ

For any position of the mechanism

ὃὖ ὖὃ ὥ
ὄὖ ὖὄ ὥ
ЎὖὄὃЎὖὄὃ
ὃὖ ὄὖ ὧέὲίὸȢ

Fixed centrode is an ellipse.

Invert the motion, fixed centrode of

inverted motion is the moving centrode.

Centrodes of Some Common Motions
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Case 5: Coupler Motion of a Four Bar Mechanism (contõed):

Example : Anti -parallel equal crank four -bar (a > b)

Fixed centrode is an ellipse.

Centrodes of Some Common Motions
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Case 5: Coupler Motion of a Four Bar Mechanism (contõed):

Example : Anti -parallel equal crank four -bar (a < b)

Centrodes of Some Common Motions
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Case 5: Coupler Motion of a Four Bar Mechanism (contõed):

Example : Anti -parallel equal crank four -bar (a < b)

Centrodes of Some Common Motions
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Theorem 4: For the inverted motion (i.e. fixed plane is

moving and moving plane is fixed) the moving and fixed

centrodes change their roles . The angular velocity of the

moving plane is negative angular velocity of the original

motion .

Recall [See]

ὤ ὧ ᾀὩ
ᾀὩ ὧ ὤ
ᾀ ὧὩ ὤὩ

Let

ό ὧὩ ÁÎÄ‪ ‰
ᾀ ό ὤὩ

Moving centrode of inverted motion : ὤ ὭόὩ

Fixed centrode of inverted motion : ᾀ ό Ὥό

Canonical Representation of Plane Motion

ME 519 Kinematic Analysis of Mechanisms



Fixed Centrode :

1. Select two appropriate points on the moving plane

2. Move the mechanism in small increments using

graphical position analysis

3. Mark location of I1i on the fixed link

4. Go to 2 till you trace the necessary portion of the

centrode

5. Connect the points by a smooth curve

Moving Centrode :

Same as fixed centrode but replace step 3 as:

3. Mark location of I1i on the i th link

This can be achieved on any parametric CAD software easily and accurately!

Determination of Centrodes

Graphical Method

ME 519 Kinematic Analysis of Mechanisms



Assignment : Think of a practical method of plotting moving

centrode on Geogebra .

Determination of Centrodes

Graphical Method

ME 519 Kinematic Analysis of Mechanisms



Recall canonical reference frame :

ὢ ὥ ὼὧέί‰ ώίὭὲ‰
ὣ ὦ ὼίὭὲ‰ ώὧέί‰
ὤ ὧ ᾀὩ ύὬὩὶὩὧ ὥ Ὥὦȟᾀ ὼ Ὥώ

Location of pole on moving plane :

ὼ ὥίὭὲ‰ὦᴂὧέί‰
ώ ὥὧέί‰ ὦίὭὲ‰

ᾀ Ὥὧ ύὬὩὶὩᴂ
Ὠ

Ὠ‰

Location of pole on fixed plane :

ὢ ὥ ὦᴂ
ὣ ὦ ὥᴂ
ὤ ὧ Ὥὧ

Determination of Centrodes

Analytic Method

ME 519 Kinematic Analysis of Mechanisms



Select your reference frames such that :

1. Two reference frames are coincident at the instant

considered, i.e. ὧ πȟ‰ πbut ‰ π

2. Take P as the origin of both frames

3. Take X and x axis coincident with the path tangent
Ὠὢ

Ὠ‰
ὥ ὦ ὥὲὨ

Ὠὣ

Ὠ‰
ὦ ὥ

Ὠὣ

Ὠὢ

ὨὣȾὨ‰

ὨὢȾὨ‰

ὦ ὥ

ὥ ὦ
π

ὥ π
ὦᴂᴂπ

Determination of Centrodes

Analytic Method -Canonical Reference Frame

ME 519 Kinematic Analysis of Mechanisms

P, O

y, Y

x, X

P

P



ὥ π
ὦᴂᴂπ

ὦ ὥ

ὥ ὦ
πᵼὦ ὥ π᷉ ὥ ὦ π

ὼ ὥίὭὲπὦὧέίππᵼὦ πḈὥ π
ώ ὥὧέίπ ὦίὭὲπ πᵼὥ πḈὦ π

Determination of Centrodes

Analytic Method -Canonical Reference Frame

ME 519 Kinematic Analysis of Mechanisms

P, O

y, Y

x, X

P

P



ÅTwo infinitesimally separated positions : One position and

first rate of change of this position (i.e. velocity) changes

at this position .

ÅThree infinitesimally separated positions : One position,

first rate of change of this position and how the tangent

(i.e. curvature) changes at this position .

ÅFour infinitesimally separated positions : One position,

first rate of change of this position, how the tangent (i.e.

curvature) and rate of curvature changes at this position .

Recall Burmesterõstheory for finitely separated positions!

Determination of Centrodes

Analytic Method -Overview

ME 519 Kinematic Analysis of Mechanisms



Contact of Two Curves
One Point Contact
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Contact of Two Curves
Two Point Contact (Same Tangent/Slope)
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Contact of Two Curves
Three Point Contact (Same Radius of Curvature)
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Contact of Two Curves
Four Point Contact (Same Rate of Change of Radius of Curvature)

ME 519 Kinematic Analysis of Mechanisms



The Euler -Savary equation is derived by:

Å Lõhospitalin 1696 in basic form

Å Euler in 1765

Å Savary in 1841

Euler -Savary equation relates ὃὶȟ‪ to its center of curvature ὅὶȟ‪
by ϳὨ—Ὠίwhich is only a function of the motion of the moving plane.

ᴆὺ ᴆὺ ᴆὺȾ

ᴆὺ πȟᴆὺ ᴆὺȾ
ᴆὺ ᴆὺȾ ‫ ᴆὶ

ὸὥὲὨ—
ὺὨὸ

ὶ

‫ὶὨὸ

ὶ
‫Ὠὸ

ίὭὲὨ—ὸὥὲὨ—Ὠ—

‫
Ὠ—

Ὠὸ
Two infinitesimally separated positions

of a moving plane is entirely determined

by the pole.

Two Infinitesimally Separated Positions

ME 519 Kinematic Analysis of Mechanisms

P, O

y, Y

x, X

P

P

A(r,y)

y

vAdt

dq

r



Motion of Coupler (Link 3) of Four -Bar

ME 519 Kinematic Analysis of Mechanisms

r

v = wr

A velocity field on moving plane!



Geometric Approach

Å C, center of curvature of 

point A for the position 

shown is on pole ray since 

ᴆὺṶpole ray.

Å dqis the infinitesimal 

rotation of the moving 

centrode Pon the fixed 

centrode P.

Å ds is the arc length on 

moving and fixed centrodes.

Derivation of Euler -Savary Equation
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P, O

y, Y

x, X

P

P

A(r,y)

y

r

C(rC,y)

r

Põõ

Põ

y

-ds

dq



Geometric Approach

Euler -Savary equation is valid 

under:

Å During infinitesimal motion 

about the position shown 
ϳὨ—Ὠίis finite and non -zero 

(i.e. Ὠ— π Ὠ᷈ί π).

Å Points A and P are not 

coincident.

Å |AP| is finite.

Derivation of Euler -Savary Equation

ME 519 Kinematic Analysis of Mechanisms

P, O

y, Y, N

x, X, T

P

P

A(r,y)

y

r

C(rC,y)

r

Põõ

Põ

y

-ds

dq



Geometric Approach

ЎὅὃὃḐЎὅὖὖ Ḉ
ὃὃ

ὖὖ

ὅὃ

ὅὖ
ὃὃ ὶὨ—
ὖὖ ὨίίὭὲɰ
ὅὃ ὶ ὶ
ὅὖ ὶ

Substitution yields
ὶὨ—

ὨίίὭὲɰ

ὶ ὶ

ὶ

ρ

ὶ

ρ

ὶ
ίὭὲ‪

Ὠ—

Ὠί

Euler -Savary equation in basic 

form.

Derivation of Euler -Savary Equation
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Aõ

P, O

y, Y, N

x, X, T

P

P

A(r,y)

y

r

C(rC,y)

r

Põõ

Põ

y

-ds

dq



Geometric Approach

ρ

ὶ

ρ

ὶ
ίὭὲ‪

Ὠ—

Ὠί
Ὠ—

Ὠί

ϳὨ—Ὠὸ

ϳὨίὨὸ

‫

ὺ

ὺ is the pole velocity. Please 

note that at the instant 

considered pole is stationary 

but its location is changing on 

moving and fixed centrodes. 

Therefore ὺ is the rate of 

change of location of the pole. 

ρ

ὶ

ρ

ὶ
ίὭὲ‪

‫

ὺ

Euler -Savary equation in 

kinematic form.

Derivation of Euler -Savary Equation
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Aõ

P, O

y, Y, N

x, X, T

P

P

A(r,y)

y

r

C(rC,y)

r

Põõ

Põ

y

-ds

dq



Example

A cylinder of radius R rolls on a 

straight surface. Determine the 

center of curvature of points A, 

B and O.

Derivation of Euler -Savary Equation

ME 519 Kinematic Analysis of Mechanisms
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ME 208 Dynamics

Sample Problem 5/ 4 (Meriam 4 th , 5 th , 6 th , 7 th and 8 th editions )

A wheel of radius r rolls on a flat surface without slipping . Determine

the angular motion of the wheel in terms of the linear motion of its

center O. Also determine the acceleration of a point on the rim of the

wheel as the point comes into contact with the surface on which the

wheel rolls .

Derivation of Euler -Savary Equation

ME 519 Kinematic Analysis of Mechanisms



Example

A cylinder of radius R rolls on a 

straight surface. Determine the 

center of curvature of points A, 

B and O.

ὃ ςὙȟτυЈȟὄςὙȟωπЈȟὕὙȟωπЈ

ὺ ‫Ὑ
ρ

ὶ

ρ

ὶ
ίὭὲ‪

‫

ὺ

For A

ρ

ςὙ

ρ

ὶ
ίὭὲτυЈ

‫

‫Ὑ

ρ

Ὑ

ὶ ςὙ

ὅ ςὙȟτυЈÏÒὅ ςὙȟςςυЈ

Derivation of Euler -Savary Equation
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P

N

T

A

R

w

B

O

CA



Example (contõed)

ὄςὙȟωπЈȟὕὙȟωπЈ

For B

ρ

ςὙ

ρ

ὶ
ίὭὲωπЈ

ρ

Ὑ

ὶ ςὙ

ὅ ςὙȟτυЈέὶὅ ςὙȟςςυЈ

For O

ρ

Ὑ

ρ

ὶ
ίὭὲωπЈ

ρ

Ὑ
ρ

ὶ
πḈὶᴼЊ

It is obvious that O travels on a 

straight path so its center of 

curvature is at infinity, 

perpendicular to its path.

Derivation of Euler -Savary Equation
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Analytic Approach

Recall radius of curvature from calculus:

ρ

‖
”

ρ ϳὨώὨὼ Ⱦ

ϳὨώὨὼ

In fixed plane

Ὠὣ

Ὠὢ

ϳὨὣὨ‰

ϳὨὢὨ‰

ὣᴂ

ὢ
ȟ
Ὠὣ

Ὠὢ

ὣὢ ὢὣᴂ

ὢᴂ

ὢ
Ὠὢ

Ὠ‰
ὥ ὼίὭὲ‰ώὧέί‰

ὣ
Ὠὣ

Ὠ‰
ὦ ὼὧέί‰ ώίὭὲ‰

ὢ
Ὠὢ

Ὠ‰
ὥ ὼὧέί‰ώίὭὲ‰

ὣ
Ὠὣ

Ὠ‰
ὦ ὼίὭὲ‰ ώὧέί‰

In canonical reference frame ὧ πȟὥ ὥ ὦ πȟ‰ πbut ὦ π

Derivation of Euler -Savary Equation
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Analytic Approach

ὢ ὼȟὣ ώ
ὢ ώȟὣᴂ ὼ
ὢ ὼȟὣ ὦ ώ

ρ

‖
”

ϳὢᴂ ὣᴂȾ ὢᴂ

ϳὣὢ ὢὣᴂὢᴂ

ὢᴂ ὣᴂȾ

ὣὢ ὢὣᴂ

ὼ ώ Ⱦ

ὦ ώ ώ ὼ
ρ

‖
”

ὼ ώ Ⱦ

ὦώ ώ ὼ

ὼ ώ Ⱦ

ὦώ ὼ ώ
” ὶ ὶ
ὼ ώ ὶ
ώ ὶίὭὲ‪

Substitution and simplification yields:

ρ

ὶ

ρ

ὶ
ίὭὲ‪

ρ

ὦᴂᴂ

This is Euler -Savary equation in its basic form.

Recall

ὦ
Ὠὦ

Ὠ‰

Ὠί

Ὠ‰

Derivation of Euler -Savary Equation
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X

Y
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O (a, b); (0, 0)
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A (X, Y); (x, y)

q
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z
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Determine the points on the moving plane for which radius of curvature 

is infinite (i.e. momentarily moving on a straight path).
ρ

ὶ
π

Substitution into Euler -Savary equation yields:
ρ

ὶ
ίὭὲ‪

Ὠί

Ὠ‰

Let
Ὠί

Ὠ‰
‏

ὶ ‪ίὭὲ‏

where ὶ is the locus of inflection points .

On every pole ray there is only one inflection point, W.

Infection Point, Infection and Return Circles
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ὶ ‪ίὭὲ‏

is in polar form. 

Transforming it into Cartesian coordinates:

ίὭὲ‪
ώ

ὶ

ὶ ὼ ώ
ὢ ὼ ὶὧέί‪ ‪ίὭὲ‪ὧέί‏
ὣ ώ ὶίὭὲ‪ ‪ίὭὲ‏

ὶ ίὭὲ‏‪‏
ώ

ὶ

Rearranging

ὶ ώ‏ π
ὼ ώ ώ‏ π

or

ὼ ώ
‏

ς

‏

ς

ὅπȟϳ‏ςȟὙ ϳ‏ς

This is known as inflection circle.

Infection Point, Infection and Return Circles
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Recall

” ὶ ὶȟὶ ” Ò

substituting into Euler Savary equation 

ρ

ὶ

ρ

” Ò
ίὭὲ‏‪

simplification yields:

”
ὶ

ίὭὲ‪ὶ‏

Quadratic form of Euler -Savary equation.

Infection Point, Infection and Return Circles

ME 519 Kinematic Analysis of Mechanisms



”
ὶ

ίὭὲ‪ὶ‏

Normalizing this equation by ‏ίὭὲ‪

ὶᶻ
ὶ

‪ίὭὲ‏
ȟ”ᶻ

”

‪ίὭὲ‏

”z
ὶz

ρ ὶz
Normalized quadratic form of Euler -Savary equation.

Infection Point, Infection and Return Circles
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”
ὶ

ίὭὲ‪ὶ‏

”ᶻ
ὶᶻ

ρ ὶz

Consequences:

1. There is only one inflection point on each pole ray.

2. When ὶᶻ ρ(i.e. Ò ίὭὲ‪) center of curvature is òbelowó (i.e. ”ᶻ‏ π) 
and radius of curvature increases as r increases.

3. When ὶᶻ ρ(i.e. Ò ίὭὲ‪) center of curvature is òaboveó (i.e. ”ᶻ‏ π) 
and radius of curvature decreases as r decreases to 0. At ὶᶻ π(Ò
π) ”ᶻ π(” π) there is a cusp . For ὶᶻ π”starts increasing.

4. When πEuler -Savary equation takes the form ὶ  ίὭὲ‪which‏

is the locus of return circle . It is the locus of center of curvature of 

points at infinity .

Infection Point, Infection and Return Circles
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”
ὶ

ίὭὲ‪ὶ‏

”ᶻ
ὶᶻ

ρ ὶz

Please note that curvatures are always concave when viewed from the 

inflection point, W.

Substituting

ὶ ‪ίὭὲ‏

into Euler -Savary equation in basic form
ρ

ὶ

ρ

ὶ

ρ

ὶ

geometric form of Euler -Savary equation is obtained.

Infection Point, Infection and Return Circles
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Please note that one term in Euler -Savary equation, which is only a

function of motion, is not evaluated up to now which is the differential

coefficient or the inflection circle diameter .

‏
Ὠί

Ὠ—

ὺ

‫

ρ

ὦᴂᴂ
Utilizing arc lengths:

Ὠί ὶὨ— ὶὨ—

yielding
ὶ

ὶ

Ὠ—

Ὠ—

Recall
Ὠ—

Ὠί

ρ

‏
ȟὨί —Ὠ‏

ρ

‏

ρ

ὶ

ρ

ὶ

The centers of curvature of the fixed and moving centrodes are

conjugate points and this equation is analogous to Euler -Savary

equation for y= 90 o. If centers of curvature of centrodes are known the

differential coefficient can be evaluated .

Infection Point, Infection and Return Circles
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P, O

N

T

P

P
y

-ds

dq

OP (rp,90 o)

OP (rP,90 o)

dqP

dqP

dq



For matching two motions in three infinitesimally separated

positions (i.e. both motions to have the same path, path

tangent and path curvature at the design point) :

Å the poles of two motions should be superimposed,

Å the pole tangents should be aligned in the same

direction,

Åscale one motion so that the inflection circle diameters

are the same.

Inverted Motion

For the inverted motion dqreverses its direction, fixed and

moving centrodes, and, inflection and return circles change

their roles .

Infection Point, Infection and Return Circles
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Example:

A cylinder of radius 6 cm rolls inside a fixed cylindrical hole

of radius 9 cm without slipping at w= 1 rad/s CCW. Two

points on the moving plane, ! σςȟτυЈ and

! σςȟρσυЈÁÒÅÇÉÖÅÎȢ

a. Determine the centers of curvature for A1 and A2,

b. Determine the inflection circle,

c. Determine the pole velocity .

Infection Point, Infection and Return Circles
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Example:
ρ

‏

ρ

ὶ

ρ

ὶ

ρ

φ

ρ

ω

ρ

ρψ
ȟ‏ ρψὧά

ὺ ‏‫ ρz ρψ ρψὧάȾί

Euler -Savary equation

ρ

ὶ

ρ

ὶ
ίὭὲ‪

ρ

‏

for point A1

ρ

σς

ρ

ὶ
ίὭὲτυЈ

ρ

ρψ
ȟὶ

ως

ς
ὧά

for point A2

ρ

σς

ρ

ὶ
ίὭὲρσυЈ

ρ

ρψ
ȟὶ

ως

τ
ὧά

Infection Point, Infection and Return Circles
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Example: Long Period Pendulum with Small Size

For a simple pendulum with a massless rod and point mass

Ὕ
ρ

ς
άὺ

ρ

ς
ά Љ—

ρ

ς
άЉ—

ὠ άὫЉρ ὧέί—ḙάὫЉ
—

ς
Ὕ ὠ ᴖ ᴖ

άЉ—— άὫЉ—— π

Љ— Ὣ— π

‫
Ὣ

Љ
ȟ4 ςʌ

Љ

Ὣ

Longer the pendulum length, Љ, larger the period of

undamped free oscillations of the pendulum . However

space restrictions may limit the length of the pendulum!

Infection Point, Infection and Return Circles
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Example: Long Period Pendulum ( contõed)

Quadratic form of Euler -Savary equation

” Љ
ὶ

‏ ὶ

4 ςʌ
”

Ὣ
ςʌὶ

ρ

Ὣ‏ ὶ

To increase period, T, ‏ ὶ

should be reduced.

This can be achieved by moving

G close (but below) the inflection point.

Curvature is concave up in the infinitesimal neighborhood of

the design point . Stability should be checked for the entire

range even for small (but finite ) motion of the pendulum .

Infection Point, Infection and Return Circles
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dqP
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r

” Љ



Example: Long Period Pendulum ( contõed)

Some examples of long period small pendula:

Infection Point, Infection and Return Circles
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Review of n -t Coordinates (ME 208 Dynamics)

Ὠί ”Ὠ‍ȟ
Ὠί

Ὠὸ
”
Ὠ‍

Ὠὸ

Ὠ”

Ὠὸ
Ὠ‍ȟὺ ”‍

ᴆὺ ὺǶὩȟǶὩḳ
ᴆὺ

ὺ

ᴆὥ
Ὠᴆὺ

Ὠὸ
ὺǶὩ ὺǶὩ

ὺ
Ὠᴆὺ

Ὠὸ

ὨǶὩ Ὠ‍ǶὩȟǶὩ
ὨǶὩ

Ὠὸ

Ὠ‍

Ὠὸ
ǶὩ ‍ǶὩ

ᴆὥ ὺǶὩ ὺ‍ǶὩȟὺ ”‍ᴼ‍
ὺ

”

ᴆὥ ὺǶὩ
ὺ

”
ǶὩ

Acceleration Analysis Using Centrodes

ME 519 Kinematic Analysis of MechanismsArticle 2.5 of Dynamics by Meriam (Wiley)



Consider A on the moving

plane with angular velocity w

and angular acceleration a.

ᴆὥ ᴆὥ ᴆὥ ὺ ǶὩ
ὺ

”
ǶὩ

ὺ ‫ὖὃ ‫ὶ

”
ὶ

ίὭὲ‪ὶ‏

ὥ
‫ὶ

ϳὶ ίὭὲ‪ὶ‏

ὥ ‫ ίὭὲ‪ὶ‏

Acceleration Analysis Using Centrodes
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Consider A on the moving plane

with angular velocity wand angular

acceleration a.

ᴆὥ ᴆὥ ᴆὥ ὺ ǶὩ
ὺ

”
ǶὩ

ὥ ‫ ίὭὲ‪ὶ‏

ὥ
Ὠ

Ὠὸ
ὶ‫ ὶ‌‫

Ὠὶ

Ὠὸ
Ὠὶ Ὠίὧέί‪
Ὠὶ

Ὠὸ

Ὠί

Ὠ—

Ὠ—

Ὠὸ
ὧέί‫ὧέί‏‪‪

ὥ ὶ‫ὧέί‏‌‪

ᴆὥ ὶ‫ὧέί‪ǶὩ‏‌ ‫ ίὭὲ‪ὶ‏ ǶὩ

Acceleration Analysis Using Centrodes
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P

y
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ᴆὥ ὶ‫ὧέί‪ǶὩ‏‌ ‫ ίὭὲ‪ὶ‏ ǶὩ

Rearrange

ᴆὥ ‫ ίὭὲ‪ǶὩ‏ ‫ὧέί‪ǶὩ‏ ὶ‫ ǶὩ ὶ‌ǶὩ

ᴆὥ ‫ ὖὡ ὶǶὩ ὶ‌ǶὩ

Recall

ὶǶὩ ὃὡ ὖὡ

ᴆὥ ὃὡ‫ ὶ‌ǶὩ

Acceleration Analysis Using Centrodes
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ᴆὥ ὃὡ‫ ὶ‌ǶὩ

Theorem : The acceleration of

any point on the moving plane

is the vector sum of a

component ὃὡ ‫ directed

towards the inflection pole, W0,

and a component ratangent to

its path .

Please note that these two

components are not

perpendicular to each other in

general .

Acceleration Analysis Using Centrodes
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ᴆὥ ὃὡ‫ ὶ‌ǶὩ

Consequences :

ÅFor ‌ πthe acceleration of

every point on the moving

plane is towards the

inflection pole, W0.

ÅAcceleration of the pole (r =

0, path is a cusp ):

ᴆὥ ὖὡ‫

Acceleration Analysis Using Centrodes
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P,

N

T

P

P

y

-ds

A (r, y)

W0

w, a

W

C (r C, y)

t
n

y

ᴆὥ
ὶ‫ὧέί‪ǶὩ‏‌ ‫ ίὭὲ‪ὶ‏ ǶὩ

ᴆὥ ὃὡ‫ ὶ‌ǶὩ

Consequences (contõed):

Å Points on moving plane with ὥ πȟ‫ π
ίὭὲ‪ὶ‏ π
ίὭὲ‪ὶ‏

Inflection circle, point on a straight path,

no curvature no normal acceleration!

Circle de la Hire

Å Points on moving plane with ὥ π:

ὶ‫ὧέί‪π‏‌

ὶ
‫‏

‌
ὧέί‪

Bresse Circle

Acceleration Analysis Using Centrodes
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Gis the acceleration pole where both

normal and tangential components

are zero therefore the total

acceleration is zero.

‪z
“

ς
‎

ὸὥὲ‎
‌

‫

ὸὥὲ‪z
‫

‌

Acceleration Analysis Using Centrodes
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ὥ ὥ ὥ

ὥ ὶ‌ ‫‪ὧέί‏‫ ίὭὲ‪ὶ‏
‌ ‫ὸὥὲ‎

ὥ
‫

ὧέί‎
ὧέί‎‏ ὶ ς‏ὶὧέί‎ίὭὲ‪ ‎

ὖɜ ὧέί‎‏

ὧέί᷃ɜὖὃ ὧέί‎
“

ς
‪ ίὭὲ‪ ‎

ὥ
‫

ὧέί‎
ὶ ὖɜ ςὶὖɜὧέί᷃ɜὖὃ

ὥ
‫ ὃɜ

ὧέί‎

ὧέί‎
ρ

ρ ὸὥὲ‎

ρ

ρ ϳ‌ ‫

‫

‫ ‌

ὥ ὃɜ ‫ ‌

ὥ ὃɜ ‫ ‌Ὡ

Acceleration Analysis Using Centrodes
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ὥ ὃɜ ‫ ‌Ὡ

Acceleration Analysis Using Centrodes
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Theorem : The path normals (i.e. pole rays) of two points on

the moving plane make equal angles with the collineation

axis and the pole tangent .

Given the radii of curvature of two points on the moving

plane, inflection circle diameter can be determined .

Let A1 and A2 be two distinct points on a moving plane with

centers of curvature being C1 and C2 respectively .

BobillierõsTheorem

ME 519 Kinematic Analysis of Mechanisms



Let A1 and A2 be two distinct points on a moving plane with

centers of curvature being C1 and C2 respectively .

BobillierõsTheorem

ME 519 Kinematic Analysis of Mechanisms



1. Draw lines through A1 C1 and A2 C2, intersection is P.

BobillierõsTheorem

ME 519 Kinematic Analysis of Mechanisms



2. Draw lines through A1 A2 and C1 C2, intersection is Q12.

BobillierõsTheorem

ME 519 Kinematic Analysis of Mechanisms



3. Line P Q12 is the collineation axis .

BobillierõsTheorem

ME 519 Kinematic Analysis of Mechanisms



4. Draw a line parallel to C1 C2 through P, S is the

intersection with A1 A2.

BobillierõsTheorem

ME 519 Kinematic Analysis of Mechanisms



5. Draw a parallel to collineation axis through S, S is the

intersection with A1 A2. The intersection with pole rays 1

and 2 are W1 and W2 respectively .

BobillierõsTheorem

ME 519 Kinematic Analysis of Mechanisms



7. W0, and P define the inflection circle therefore pole

tangent and normal are known .

BobillierõsTheorem

ME 519 Kinematic Analysis of Mechanisms



Notice ὖ᷃ὡ ὡ ᷃ὖὡὡ Ὕ᷃ὖὡ ὡ᷃ ὖὗ ‍

BobillierõsTheorem

ME 519 Kinematic Analysis of Mechanisms



Please note that the location of collineation axis does not

depend on selection of points A1 and A2 but on the location

of inflection points W1 and W2, therefore on the inflection

circle and instantaneous motion of the moving plane .

BobillierõsTheorem

ME 519 Kinematic Analysis of Mechanisms



1. Known pole, P, pole tangent, T, inflection pole W0, for a

point A on moving plane determine its center of curvature

CA.

PA is ray 1, PW0 is ray 2.

PT is ṶPN so collineation axis is ṶPA

Application Examples of BobillierõsTheorem

ME 519 Kinematic Analysis of Mechanisms



1. Known pole, P, pole tangent, T, inflection pole W0, for a

point A on moving plane determine its center of curvature

CA (contõed)

W0 has its center of curvature at ¤ along N (ray 2), AW0 intersects

collineation axis at Q12 .

A line P᷆N (which is towards CW0
) through Q12 passes through CA.

Application Examples of BobillierõsTheorem

ME 519 Kinematic Analysis of Mechanisms



2. Known pole, P, pole tangent, T, and conjugate point pairs

on pole normal (OOõ),for a point A on moving plane

determine its center of curvature CA. This corresponds to

known radii of curvature of centrodes (e.g. planetary gear

trains) .

AP is on Ray 1, OOõdefines PN (Ray 2).

Application Examples of BobillierõsTheorem

ME 519 Kinematic Analysis of Mechanisms



2. Known pole, P, pole tangent, T, and conjugate point pairs

on pole normal (OO2õ),for a point A on moving plane

determine its center of curvature CA. This corresponds to

known radii of curvature of centrodes (e.g. planetary gear

trains) (Contõed).

Collineation axis is ṶRay 1, since PT is ṶRay 2.

Application Examples of BobillierõsTheorem

ME 519 Kinematic Analysis of Mechanisms



2. Known pole, P, pole tangent, T, and conjugate point pairs

on pole normal (OO2õ),for a point A on moving plane

determine its center of curvature CA. This corresponds to

known radii of curvature of centrodes (e.g. planetary gear

trains) (Contõed).

Draw AOõ,intersection with collineation axis is Q12 .

Application Examples of BobillierõsTheorem
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2. Known pole, P, pole tangent, T, and conjugate point pairs

on pole normal (OO2õ),for a point A on moving plane

determine its center of curvature CA. This corresponds to

known radii of curvature of centrodes (e.g. planetary gear

trains) (Contõed).

Since O is center of curvature of Oõintersection of Q12O with Ray 1 is

CA.

Application Examples of BobillierõsTheorem
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3. Known two conjugate points (like AA0 and BB 0 for a four -

bar) on two distinct pole rays . Determine center of

curvature for another point, E, on the moving plane .

AA0 and BB 0 form two pole rays therefore P is at the intersection .

Application Examples of BobillierõsTheorem

ME 519 Kinematic Analysis of Mechanisms



3. Known two conjugate points (like AA0 and BB 0 for a four -

bar) on two distinct pole rays . Determine center of

curvature for another point, E, on the moving plane .

QAB is at the intersection of AB and A0B0.

Application Examples of BobillierõsTheorem

ME 519 Kinematic Analysis of Mechanisms



3. Known two conjugate points (like AA0 and BB 0 for a four -

bar) on two distinct pole rays . Determine center of

curvature for another point, E, on the moving plane .

Bobillerõstheorem states ὗ᷃ ὖὃ ᷃ὄὖὝ‌

Application Examples of BobillierõsTheorem

ME 519 Kinematic Analysis of Mechanisms



3. Known two conjugate points (like AA0 and BB 0 for a four -

bar) on two distinct pole rays . Determine center of

curvature for another point, E, on the moving plane .

Bobillerõstheorem states ᷃ὝὖὉ᷃ὃὖὗ ‍QAE is at the intersection

of PQAE and AE.

Application Examples of BobillierõsTheorem
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3. Known two conjugate points (like AA0 and BB 0 for a four -

bar) on two distinct pole rays . Determine center of

curvature for another point, E, on the moving plane .

Draw QAEAO. Intersection with ray PE yields CE.

Application Examples of BobillierõsTheorem
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3. Known two conjugate points (like AA0 and BB 0 for a four -

bar) on two distinct pole rays . Determine center of

curvature for another point, E, on the moving plane .

The same result would be obtained if you use B and B0 instead of A and A0.

Application Examples of BobillierõsTheorem
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Example :

Determine the center of curvature of point E on the coupler

of the slider -crank mechanism .

BobillierõsTheorem
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Example :

A0A and B0B are two pole rays therefore intersection yields

the pole.

BobillierõsTheorem
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Example :

QAB is at the intersection of A0B0 and AB.

BobillierõsTheorem
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Example :

Bobillerõstheorem states ὗ᷃ ὖὃ ὄ᷃ὖὝ‌.

BobillierõsTheorem
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Example :

Bobillerõstheorem states Ὕ᷃ὖὉ ὃ᷃ὖὗ ‍. QAE is the

intersection of PQAE and AE.
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Example :

Draw QAEA0 intersection of pole ray PE yields CE.
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Example :

Determine the center of curvature of point E on the coupler

of the inverted slider -crank mechanism .
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Example :

Determine the center of curvature of point E on the coupler

of the inverted slider -crank mechanism .

A0A and B0B are two pole rays therefore P is at the

intersection .
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Example :

Determine the center of curvature of point E on the coupler

of the inverted slider -crank mechanism .

QABA is at the intersection of AB and A0B0.
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Example :

Determine the center of curvature of point E on the coupler

of the inverted slider -crank mechanism .

Bobillerõstheorem states ὗ᷃ ὖὃ ᷃ὄὖὝ‌.
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Example :

Determine the center of curvature of point E on the coupler

of the inverted slider -crank mechanism .

Bobillerõstheorem states ᷃ὝὖὉ᷃ὃὖὗ ‍. QAE is the

intersection of PQAE and AE.
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