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Q) AC Circuits
What is Direct Current (DC) ?

Direct Current (DC) is a current, that [
does not change in time :
60 T
: Current, | 40
R,=5 Ohms -
E g y
()v;soov R,= 5 Ohms - 1 2 3 4 5 & 7
s Time (Sec)
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O AC Circuits

METU

What is Alternating Current (AC) ?

Alternating Current (AC) is a current, that
changes in time

Sinusoidal Alternating Current Non - Sinusoidal Alternating Current
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O AC Circuits

Parameters of a Sinusoidal Waveform

Sinusoidal voltage is a voltage Voltage (Volt)

Please note that;

with waveform as shown on the e s ¢ Angle=wt= 2rft
RHS 300 :

V(t) = Vsin (wt+ o)

Phase angle o
200 :

V = Amplitude

v
\ Angle %)dians)
v

Vis the peak value (amplitude), 0 z2 \ " 3z / am
w is the angular frequency,
a is the phase shift, i.e. angle of the \ /

voltage at t = 0, (phase angle) \\/
f=50Hz
w =2 xf =314 rad/sec
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where 100
V(1) is the voltage waveform,




AC Circuits

Parameters of a Sinusoidal Waveform

Voltage Waveform

METU

V (Volts)
312_—7;_360_"""“-"- -
/ \
-4-9 Time (msec)
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O AC Circuits

METU

Parameters of a Sinusoidal Waveform

Period and Frequency V (Volts)

Full period = T = 20 msec <> 360 ° 300

200

Frequency =1/T=1/20 x 10 )

= 50 Hz 0o

Time (msec)

25 30 35 4

J
100
200 :

300
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AC Circuits
AC (Alternating Current) Circuit

Positive half cycle Negative half cycle

METU

| (Amp) | (Amp)
25 I(t) 25 I(t)
20 — 20
15 // \\ 15
10 // \\ 10
] v |+ 5 Vi) |4
* T T T T h @ Load 00\ : > @ Load
5 5\ /
10 10 \\ /
18 18 \\ /
220 -20
25 ) -25
Time (msec) D Time (msec) —_—
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O AC Circuits

Elements of AC Circuits: Capacitor

Capacitor is a device that can store
electrical charge

The simplest configuration consists of
two parallel conducting plates
separated by an insulating layer

Insulating Layer provides dielectricity
(prevents current flow) between
positive and negative conductors

+
L]
L ]
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O AC Circuits

Capacitance
Small Capacitance Large Capacitance
Capacitors store electrical charge ; i

Storage capacity of a capacitor is Capacitance = C, Capacitance = C,

called “capacitance” + | + |
| I

A S A A S S A S ASA AN

'3?% wmmbabamﬁ
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q) AC Circuits

METU

Capacitor-Practical Configuration

+

Ay !
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q) AC Circuits

METU

Capacitor-Practical Configuration

Capacitor cylinders are then
connected in pal'a"el in bank form N . 10/3 KVAF, 400 V'luk monofaze aliiminyum

__ muhafazal tiip kondansatérlerden olusmus
~ (acik tip) batarya sistemi.

¥ 10 KVAF Iik 3 fazl ticgen bagh
400 V' luk moddllerden olusmus
kapall tip kapasitor batarya sistemi.
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Q) AC Circuits

>

METU

Capacitor-Practical Configuration

Capacitorbanks [ g wa»

Control relay
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q) AC Circuits

METU

Capacitor-Practical Configuration

Single and three-phase capacitor
banks
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O AC Circuits

MV (Medium Voltage) Shunt Capacitor Banks

’ B T 0
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q) AC Circuits

METU

MV (Medium Voltage) Shunt Capacitor Banks

- . 7 ’ oL A

EE 209 Fundamentals of Electrical and Electronics Engineering, Prof. Dr. 0. SEVAIOGLU, Page 15



O AC Circuits

METU

MV (Medium Voltage) Shunt Capacitor Banks

POV 4
PPVt 53

.nAM;r‘l"' ol

!
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AC Circuits

me Protective Breakers

Contactors

Capacitor Bank

b2
.

2
¢

e

-
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AC Circuits

SNV HV3H
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O AC Circuits

Basic Relation

Basic Principle Voltage Source

 Charge stored in a capacitor is :
proportional to the capacitance C, +

» Charge stored in a capacitor is - > T C
proportional to the voltage V C)V
applied

Q=CV Symbolic Representation

where, Q is charge stored (Coulombs),
Vis voltage (Volts),
C is capacitance (Farads)
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Q) AC Circuits

Definition of Farad

1 Farad is the capacitance that creates 1 Volt
voltage difference between the terminals of
the plates when charged by 1 Coulomb of

electrical charge
Q=CV

where, Q = 1 Coulomb,
V=1VWlt,
C=1Farad

+ + | C=1Farad
4 v
C) 1 Volt ——
— | Q=1 Coulomb - \1
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AC Circuits

Current in a Capacitance

The relation;

Q=CV .

may be written in time domain as; <> Vit
Q(t) = C V(1)

or differentiating both sides with respect to time

dQ(t)/dt = C dV(t)/dt
remembering that;

dQ(t)/dt = I(t)

It can be written that;
I(t) = C dV(t) / dt
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AC Circuits

Current in a Capacitance

Phase Shift between Current and Voltage Waveforms

It) =CdV(t)/dt N V (Volts), | (Amp)
=Cd/dt V., sin wt | . |
=CV_ . wcoswt =
=], coswt

where, | . =CV . W :

i ° 5.005 \
— 1
VI(t) | + + e m

0.010

0.015

0.020

Time (Sec)
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O AC Circuits

Current in a Capacitance

Switch is turned “on” at: t = 0 sec

The above equation may be integrated
with respect to time, yielding the
following voltage - current relation for a
Capacitor

v(e) = (1/€) [ It)dt + v(0)

where V(0) is the initial voltage across
the capacitor, representing the initial
voltage due to the initial charge stored in
the capacitor
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O AC Circuits

Example - 1
I(t)

Problem -

Determine the time waveform of the current QS Vit
flowing in the circuit shown on the RHS by

assuming that the capacitor is charged by the
exponential voltage V(t) shown in the figure

V(t) =5 (1 - e?) (Volts)
Vi) =5(1-e"Y) Volts S A/

P 4.0 /

N

+
o

vV

max = Maximum voltage that can be reached = 5 Volts

= - : 00 10 20 30 40 50 60
Q. = C x V..., = Maximum charge that can be stored t (sec)
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AC Circuits

METU

Example -1
Ity —

I(t) C dV(t)/dt ::
V(t) = 5 (1 - e) Volts Vit C 20
-1 1.0

Hence, B )
It) = CdV(t)/dt .
=Cd/dt5(1-e) )
=0.1x5et 0.4
=0.5x e ' Ampers -

0.3

0.2

0.1

0.0

50

o |

V(t) =5 (1-et) (Volts)

Faams

//
y |
/
00 10 20 30 40 50 6.0
It) (Amp) ‘ t (sec)

\

\

\\

‘\

e r—

00 10 20 30 40 50 6.0

t (sec)
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AC Circuits

Example - 1

Q.. = Cx V..., = Maximum charge that can be stored

Charge Stored in a
Capacitor

Now, determine the time waveform of
the charge stored in the capacitor

Charge stored in the capacitor starts
from zero and gradually increases to its Q(t) (Coulombs)

final value 05

Q(t) = Cx V(1) 04 .. ....... ;
=0.1x5(1-¢% o;
=0.5x(1-e?) Coulombs 0

0.1

0.0 ..i..
00 10 20 30 40 50 6.0 t(sec)
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O AC Circuits

Example - 2

Switch is turned “on” at: t = 0 sec,

“off’ at: t = 1.0 sec.

Current source shown in the circuit
shown on the RHS provides 10 A
constant current within the time

I(t) (Amp)
14.0

interval; 12.0
te[0,1sec] . e 12:

t) It —

Capacitor is initially charged to 2 Volts X T
voltage L4

20

Determine the voltage across the
capacitor within the time interval;

te[0, 1sec]

00 02 04 06 08 10 1.2
t (sec)

C=1F V,0)=2Volts
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AC Circuits

Example - 2

14.0 ‘ ‘
Voltage across the capacitance can +_ C 100
be expressed as Q It ——J
— 14 6.0
V(t) = (1/¢) / I9)dt + V(0)
where, [ |
V(O) = 2 Volts %000 02 04 06 08 1_(; (s;_(zz)
is the initial voltage across the C=1F V(t) (Volts)
capacitor Vc(0) =2 Volts 14.0
Hence; 20 paEl
Vie) = (1/€) / Ift) dt + 2 V(D) = 10 £+2 "
=1x10 /dt+2

O'00.0 02 04 06 08 10 1.2

t (sec)

=10t+ 2 Volts
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O AC Circuits

Solution of R-C Circuits

Solve the “RC circuit” shown on the RHS for
current waveform I(t) flowing in the circuit
when the switch is turned “on” at t=0

Writing down KVL for the circuit
V(t) =R I(t) + V(Y
= RI(t) + (1/C) / I(®)dt + V.(0)

Differentiating both sides wrt time once;

d/dt V(t) = R d/dt I(t) + (1/C) I(t) ..
or dividing both sides by R

d/dt I(t) + (1/RC) I(t) = (1/R) d/dt V(¢)
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A first order ordinary differential equation




Q) AC Circuits

METU

Solution of the resulting First Order Ordinary Differential Equation
o ) —
AN,
Solve the resulting first order ordinary differential equation (ODE) + R + [V (0)=v,
i
d/dti(t) + (1/RC) I(t) = (1/R) d/dt V(t) <> A = ¢
N V(t) = V sin (wt +a)
d/dti(t) + (1/RC) I(t) = (1/R) d/dt ( V sin (wt+ « ) ) 5

V(t)=Vsin (wt+ e)

d/dtI(t) + (1/RC) I(t) = (V/R) w cos (wt + &)

AN

\ ..... Amplitude

N
didtV(t)=Vwcos(wt+ o)

-
N

Voltage (Volt)
N W wW
S

|

/

0 2 71 32 2
‘ Angle (Radians)
Phase angle \ /
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AC Circuits

Solution of the resulting First Order Ordinary Differential Equation

Solution Switch is turned “on” at:
t=0sec

Solve the resulting first order ordinary differential equation (ODE)

dift) / dt + (1/RC) I(t) = (V/IR) w cos (wt+ a)

Define an integration factor p(t) = e t/RC
Multiply both sides of the above ODE by this factor;

V(t) = V sin(wt + o

' w(t) dife/dt+ () (1/RC) u(t) = p(t) (VIR ) w cos (wt+ o)

() dit/dt+ I(t) didt u(t) = (VIR) u(t) w cos (wt+ ) | didt () = (1/RC) p(t
d/dt [u(t) I(0)] = (VIR) u(t) w cos (wt+ o)
[u(t) I(t) - (:\\\//R ) Ju(t) w cos (wt+ ) dt + I(0)

u(® It =(VIR) w fu(t) cos (wt+ a) dt + I(0)

i) =Tu(t) - w/u(t) cos(wt+ a) dt + u(t)"1(0)
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AC Circuits

Solution of the resulting First Order Ordinary Differential Equation

Solution (Continued) Reference

Subsituting the integration factor pu(t) = e YRC into the above THONS
solution;

I(t) =] g-tRC w /e 'RC cos (wt + ) dt + - RC (0)

=T -tRC y [@RC (coswt cosa - sinwt sincz) dt + e -RC I(0) talwllls a“d

E— — Malufic Geomet
— Talgfc ceomery
cos(atb)= cosacosb-sinasinb
: THIRD EDITION

sl Al
PR A 4 S

Taken from the Reference: Calculus and Analytic Geometry,
Thomas, Addison Wesley, Third Ed. 1965
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AC Circuits

Solution of the resulting First Order Ordinary Differential Equation

Solution (Continued)

Now, proceeding;
I(t) =1 e-tRC w feRC (coswt cosar - sinwt sinar) dt + e - YRS [(0)

=|e-tRC w [ cosa fetRC coswt dt - sina fe R sinwt dt ] + e - YRC |(0)

b sin bx + a cos bx a sin bx - b cos bx

fea"cosbx dx =e# fea"sin bx dx = e

a2.|. b2 aZ.|. b2

Taken from the Reference:Calculus and Analytic Geometry, Thomas, Addison
Wesley, Third Ed. 1965, pp. 369
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O AC Circuits

METU

Solution of the resulting First Order Ordinary Differential Equation

Solution (Continued)

Now, proceeding;

I(t)=1e-RC w[ cosax fe RC coswt dt - sina fe *RC sinwt dt ] + e -¥RC [(0)

w sin wt + (1/RC) cos wt (1/RC) sin wt - w cos wt

fe YRC cos wt dt = e RC fe YRC sin wt dt = eRC
(1/RC)? + w? (1/RC)? + w?
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O? AC Circuits

METU

Solution of the resulting First Order Ordinary Differential Equation

Solution (Continued)

Now, proceeding;

I(t)=1e "R w [ cosa /e "RC coswt dt - sina: /e tRC sinwt dt] + e - RS [(0)

A w sin wt + (1/RC) cos wt (1/RC) sin wt - w cos wt
I(t)=1e-"RCw][ cosa eRC - sing e 'RC ] +e-RC(0)
(1/RC)? + w? (1/RC)? + w?

N ~ ~yw sinwt + (1/RC) cos wt ¥ (1/RC) sin wt - w cos wt
It) = Iw[ cosa@ -sina ] +e-tRCJ(0)
- (1/RC)? + w? (1/RC)? + w?
N

Iw
Kf) = -==ermeemeeenae [ cosa [w sin wt + (1/RC) cos wt | - sina [(1/RC) sin wt - w cos wt]] + e -RC |(0)
(1/RC)2 + w?

AN
Iw
I(t) = ==mmmmmememeena [ (wcosa - (1/RC) sin «) sin wt + ((1/RC) cos ¢ + w sinaz) cos wt ] + e -YRC (0)
(1/RC)? + w?
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O AC Circuits

METU

Solution of the resulting First Order Ordinary Differential Equation

Solution (Continued)

Iw
I(t) = ==mmmmmmmememna [ (wcosa - (1/RC) sin ) sin wt + ((1/RC) cos a + w sinaz) cos wt ] + e -tRC [(0)
(1/RC)? + w?

Iw wcosa - (1/RC) sin a (1/RC) cos a + w sina

[/ | —— —— 1 coswt | +e-tRE|(0)
V(1/RC)? + w? \ (1/RC)? + w?
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O AC Circuits

METU

Solution of the resulting First Order Ordinary Differential Equation

Solution (Continued)

Iw wcosa - (1/RC) sin « (1/RC) cos  + w sinx
cos wt] + e "RCJ(0)

VIRC)2+w2 N (1/RC)? + w? \ (1/RC)? + w?

Iw
(] ———— [ (cosBcosa -sinfB sin «) sin wt + (sinf cos az+cosfBsinc) cos wt] + e "YRCJ(0)

V(1/RC)? + w?
cos fcos a -sin B sin a=cos(a + f) | sinf cos o +cos S sin a =sin (at )
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O AC Circuits

METU

Solution of the resulting First Order Ordinary Differential Equation

Solution (Continued)

1
I(t) = ==mmmme- W ---------- [ cos(a+ B) sinwt +sin(a+ ) coswt] + e-YRC(0)

V(1/RC)? + w?
Switch is turned “on” at: t =0 sec

g Voo I(t) —>
Iw iy
I I— sin (wt+ a+ B) + e-tRC[(0) —
V(1/RC)? + w? R R
V(t) = V sin(wt + o) c_+
V(0)=V,
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O AC Circuits

METU

Solution of the resulting First Order Ordinary Differential Equation

Solution (Continued) Switch is turned “on” at: t = 0 sec

Subsituting the above term into the solution;

T — AW
(t) = -=mmmmmmmmmeeee-- sin(wt+ a + ) +e-"RC(0) R
\(1/RC)? + w? + [Ve(0)=Vy

— O,
V(t) =V sin(wt + a)
I,4(t) = Steady-State Term I,(t) =Transient Term
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O AC Circuits

METU

Solution of the resulting First Order Ordinary Differential Equation

Switch is turned “on” at: t = 0 sec
;

Calculation of Initial Value of I(t)

Initially, the system is an AC circuit operating in
steady state, with a resistance R and capacitance C
drived by an AC source

V(t) = V sin (wt + o)

+ + | Vel0)=Vy
Hence the current /() depends on the source C —
voltage V(t)and Z=R+j X

V/a /(R+jX)
V/a /Z/:Tan" (X/R)
reactance has negative angle
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O AC Circuits

METU

Solution of the resulting First Order Ordinary Differential Equation

Calculation of Initial Value of I(t)

w2+ (1/RC)2 = r?2 BRI RO /A

B R

- | V)=V,
=

X=1/wC)—- X/R=1/(wRC)
Tan'' (X/R) = Tan'(1/(wRC) = Tan'((1/RC) / w) =3
1) =V /2Z sin(wt +a +Tan" (X/R)))

V(t) = /\\l sin(wt + o)

1(0) = V /Z sin(a +Tan" (X/R))
1(0) = V /Z sin(a +B)
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O AC Circuits

METU

Solution of the resulting First Order Ordinary Differential Equation

Solution (Continued) K w

Subsituting the above term into the solution, the final form of the
solution waveform becomes;

Tw )
(t) = -==mmmmmmmmmmeeee-- sin(wt+ a+ ) +e-"RC V /Z sin(a + f)
V(1/RC)? + w?

I((t) = Steady-State Term

l,(t) =Transient Term
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O AC Circuits

R-C Circuits: Example

Switch is turned “on” at: t = 0 sec

Now assume that the parameters of the circuit on
the RHS are as follows;

V(t) = Vsinwt =312 sin wt Volts
R =10 Ohms
C =10 u Farads _; c

Tw V(t) = V sin(wt + o)

I(t) = =mmmmmmmmmmmmmene- sin(wt+ a+ ) +e-tRC[(0)
\(1/RC)? + w?

I;(t) = Steady-State Term l,(t) =Transient Term
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AC Circuits

METU

20
16

R-C Circuits: Example

o A o » o
L

Steady-State Term
- Iw
I(t) = ==mmmmmmmmmmmeeaees [ cos (a+ ) sin wt+sin (a+ ) cos wi]
70 0,5 10 15 2|0 2\5 3/0 \/(1/RC)2+ W2
A a b
B a sin wt +  bcoswt
b cos wt =Sin(Wt+a+ﬂ)
A Y [ N Y
\ [\ [\ |
\ [ 1\ [ 1\ /
\ LV V]
0 \ 0,5 I 110 \ 1,5 I 2,0 \ 2,5 I 30
\ |/ \ |/ \ |/
\ |/ \ |/ \ |/

\l/ \|/ \l/

\/ V \%
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AC Circuits

METU

R-C Circuits: Example

. ; ; ; Steady-State Term

i Tw

0] Bl () = -=emzeemeezezenee sin(wt+ g+ a)

4 00 05 10 15 20 25 30 \/(1/RC)2 + w?

-1:0 b cos wt

) \\ //’\\ l/"\\ // _ _
VN AN AN 7/
-:00 \\ 05 II 1,0 \\ 1,5 II 2,0 \\ 2,5 II 3:0 2 Tﬂ#ﬂ#ﬂ
IR \ 7 \ al \\T \\T F\\T 7
DV . A 7 Bl e N\, N/
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AC Circuits

METU

20

16

12

25
20
15
10

-10
-15
-20
-25

R-C Circuits: Example
I tr (t)

\ Overall Solution

\ (t) = -==mmmmmmmmeeeee-- sin(wt+ B+ a) +e-tRC[(0)
\ V(1/RC)? + w?
~—_ \ J —~—
Io:s(t) 05 10 15 20 25 30
l/\\ /\\ /\\ 20 \
\ \ \ 2 fa\ ~
\ [\ [\ [ \ / 0\ [\ /
| W Y A W \[ /| \ /T /
\na I \14 l 2 \94 I 0
\| ] \[ | \l | 10 5 / 10 \15 /20 \25 /30
R AN A A VARV
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O AC Circuits

METU

RC Circuits with DC Voltage Source - Two Simple Rules

The initial voltage of this capacitor may
then be represented as a DC voltage source

A filled capacitor acts initially as a DC in series with an uncharged capacitor
voltage source due to the stored charge

— AMNMN——

0) —
)

+

)

5
o
()=
(M=

R=20Q . | c=1000 uF
— AWM == V00
v (0) — - —
pc |* + | €=1000 uF R=2Q
C) _—h V (0)=V, ——VWWWN—
- 1(0) = (Vpe-Vo) /R
Ve —Vo [+ — + [C =1000 pF

() _—: V,(0)=0
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q) AC Circuits

METU

RC Circuits with DC Voltage Source - Two Simple Rules

Then the initial value of current
will be;

The current waveform will then be;

I(t) = I(=) + [1(0) - I() ] e ¥~
I(0) = (Vpc— Vo) /R

Where T is called the time constant of the circuit defined

as; Please note that an uncharged capacitor acts

T = RC = The time required a for capacitor to reach effectively as short circuit, i.e. V,=0

63 % of its full charge
=202x 1000 F=2x 1000 x 10 =0.002 sec

rreranns > 05 I(t) (Amp) V=VpeVo | + N \
04\ <> I(0) _|5¢
0.3
0.2 \\\
0.1 \‘\\
0.0 T

00 10 20 30 40 50 6.0
t (sec)
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O AC Circuits

METU

RC Circuits with DC Voltage Source - Two Simple Rules

The current waveform will then be;
I(t) = I(=) + [1(0) - I() ] e ¥~

Where T is called the time constant of the circuit
defined as;

A fully charged capacitor acts finally as
open circuit to DC current

I(t) = C d/dt V(t) = C d/dt (constant) =0 (OC) T = RC =The time required a for capacitor to

reach 63 % of its full charge
=202x 1000 F=2x 1000 x 10%=2 msec

Voe |+ () =0 i I(t) (Amp)
oc 0.5 \
0.4 \
‘ 0.3
\\
' AN
N\
Then the final value of current will be; ' \\\\¥
I(°)=0 0 10 20 30 40 50 60

t (sec)
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AC Circuits

RC Circuits with DC Voltage Source - Two Simple Rules

R=2Q
——AMWWA———
It) —
Substituting the above expressions into Vpe |+ o C 21000 uF
the current expression C) — v (O;j_v
—— c\V/= Yo
The initial value of current will be;

I(0)=(Vpc—Vo) /R

I(t) (Amp)
The final value of current will be; 24 ]
I(~)=0 - B N I .
- ANEE

The current waveform will then be; 12\ —
I=1(=) + [10)-I(=) T e RIS oot teiniia e |
19 = [ Vo= Vo) /R e** : \
"' Oefl _________ 2.;002 0.004 0.006 0.008  0.01
T

EE 209 Fundamentals of Electrical and Electronics Engineering, Prof. Dr. 0. SEVAIOGLU, Page 50



O AC Circuits

METU

Meaning of the Time Constant 7

Time constant 7 of a electric circuit is

the duration for the current to get
reduced by 63 % of its initial value

% 63 of the initial value

Time constant 7 of an RC circuit is

simply expressed as:
T=RC NN
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O AC Circuits

METU

Example

Problem

Find the voltage waveform across the 1 mF
capacitor shown on the RHS, when it has an
initial voltage of 6 Volts and charged by a 24
Volts DC voltage source through a wire with 2
Ohm resistance | —

R=20hm  |(t)

+ | Vpe= 24 Volts V,(0)=V,=6V

—|C=1mF

Capacitor will behave as a DC source at the B |

beginning and as OC at the end, hence;

V(0) = V, = 6 Volts '
0 : =

V() = Vs = 24 Volts

. € O.:OOZ 0.004 0.006 0.008 0.01
The voltage waveform will then be; T t (sec)

V(t) = V(=) + [V(0) - V()] e -t~ T = RC = Time Constant: The time required
for a capacitor to reach 63 % of full charge

V(t) =24+ (6 - 24) 0902 = 24 -18 92 Volts = 2 x 1000 yF = 2 x 0.001 = 0.002 sec
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AC Circuits

Energy Stored in a Capacitor

Instantaneous Energy
Stored in a Capacitor

Calculate the stored energy ina 10 puF
capacitor fully charged with a 12 Volts DC

Assuming that the instantaneous

voltage across the capacitor is V) voltage

W.= (1/2) 10 x 10 x 122 = 720 x 10 Joule
P(t) =Vt (1)
We(t) = / P(t) dt

= [ V(1) I(t) dt
=/ V(t) CdV,(t)/dt dt o + S
= C / V(t) dV,(t) (®) g> vy =

or

W.(t) = (1/2) C VA(t) v
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O AC Circuits

Example

=

Find the instantaneous energy in the YO ers)
capacitor for the voltage shown in the |is

+

figure \ c |«
Angle (Radians) C) —
N 0 7il2 T 3mi2 2 _

V() = Vsin wt /7 Vi) = H2sinwt |2

Welt) = (1/2) C V2(t Wm

A . - .
W) =(1/2)10x10° V2sin? wt | |
= 0.000005 x 3122 sin? wt L/ B
= (.4867 sin? wt /

= 0.4867 (7= 1 COS 2Wt) ... SRR R R A

: ..‘ ------ pdessnsnnnnnfunnnnnnnnnnnn
sinwt=1-cos?wt =1-(1+cos2wt)/2 / \ /

=% -1 cos2wt V Angle (Radia
w2 L 3n/2
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O AC Circuits

Series Connected Capacitances

Series connected capacitances
are combined in the same way as
V,(t) = (1/C,) / I(t)dt for shunt connected resistances

Vy(t) = (1/C,) [ I(Hdt

[(1/C,) + (1/C,) ] [ I(t)dt
(1/C,r) / I(t)dit

(1/C,) + (1/C,)
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O AC Circuits

Series and Shunt Connected Capacitances

Shunt connected capacitances Shunt connected capacitances are
simply added

L(Y C,dV(t)/dt o
C,d V(t)/dt ——

(C, +C,) d V() / dt + BT L
C,.; d V(1) / dt > vit) V) c1=: _—:C

Cwi=CitC,
is the total capacitance
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Q) AC Circuits

>

METU

Inductance

Definition Toroidal Coil Toroidal Core

Inductance is a winding or
coil of wire around a core

Core may be either insulator
or a ferromagnetic material
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q) AC Circuits

METU

Ferrite Core Toroidal Inductor

—

Definition

Ferriet core inductor has a
toroidal ferrit core inside

Ferrite core
Toroidal coil
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O AC Circuits

METU

Air Core Inductor

Configuration Air core inductor has no core inside

I
i

i
Hiid

D = [ 7
\ ) Ba P
|8z H“”A't""'
R i |'1 i ,’H"\"' - C————
: (A —
“ 11} I\ i' = :i_ _.,:_E_

5

‘I
H

l\ 'M
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O AC Circuits

Basic Relation

Voltage Source V(t) Inductance L

Voltage across an inductor is
proportional to the rate of change of I(t)

current
V(t)=LdI(t)/dt
where, V(1) is the voltage across the L +
inductance, :

I(t) is the current flowing
through,

L is the inductance (Henry)

1 Henry is the value of inductance defined as | -

1 Henry =1 Volt x 1 second /1 Amp
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O AC Circuits

Current in an Inductance

Voltage Source V(t) Inductance L
I(t)

V(t)=LdIt)/dt
can be written in inverse form as

—_—

I(t) = (1/L) / V(t)dt + 1(0)

where 1(0) is the current initially flowing oo <> V(t) L
in the inductor
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AC Circuits

Current in an Inductance

Phase Shift between Current and Voltage Waveforms

It) =(1/L) S/ V(1) dt - V (Volts), | (Amp)
= (L) / Vi Sin wt di I - LT T 1T ]
=- (V. /WL) coswt :

=-1.., coswt

V(t) | + + | Inductance -5

/AN
0 / o / 0\10 0.01§\ 0.020
_

h

Time (Sec)
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O AC Circuits

Series and Shunt Connected Inductors

Series connected inductors are added Series connected inductances

V) = L,dIt)/dt
= L,dIt)/dt

(L, +L,)dIt)/dt

L, dit/dt

is the total inductance
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AC Circuits

Series and Shunt Connected Inductors

Shunt connected inductances are Shunt connected inductances

combined in the same way as in shunt
connected resistances 1)

 —

A

(1L,) / V(t)dt .
(1/L,) / V(t)dt + ) I

> v(t) Vc(;) ’ ‘LZ

= [(1L,)+ (1L, ][ V(bdt
(/L) S V(t)dt

(1L, ) + (1/L,)
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AC Circuits

Example - 3

Problem

Calculate the voltage across the 100 mH
inductor with the current shown in the figure
on the RHS

I(t) =0 t<1s

I(t) = 1/((5-1)) (t-1) = % (t- 1) 1<t<5s
I(t) = 1 5<t<9s
I(6) = -1/(5-1)) (t-13) = -% (t- 13) 9St<13s
I(t) =0 t 213 s

1.0

0.5

0.0

C

I(t) (Amp)

\

\

0.0

/

/

6.0

8.0

10.0

12.0 14.0
t (sec)
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AC Circuits

Example - 3

V() =LdI(t)/ dt C) It 1

Differentiating the expression for current
waveform

d/I(t) dt=d (% (t- 1)) /dt= %

V(t) (Volts)

and multiplying by the inductance L (L = 10" H); ] T ] |
0.025

Vit)=0 t<1s

V()=10"x % =0.025V 1<t<5s o0

Vit)=0 55t<9s

V(t)=-10"x 7% =-0.025 V 9<st<13s - -

V(t)= 0 t213s aos |

0.0 2.0 4.0 6.0 8.0 10.0 12.0 14.0
t (sec)
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AC Circuits

Example - 4 ©

Problem -

+
Assume that the inductor shown on the RHS
L =100 mH
is connected to a voltage source with the <> vit) L

waveform shown in the figure
Determine the inductor current waveform by

assuming that the initial current in the
inductor is zero V(t) (Volts)

Vit)= 0 t< 0 sec 0.0
Vit)=-10 V 0<ts1sec
Vit)= 0 t 21sec

-10

| I — | |
0.0 0.5 1.0
t (sec)
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AC Circuits

Example - 4

____ Sowtlon -

It) = (1/L) / V(t) dt + 1(0)

+
Owe L
Integrating the voltage expression;

I(t) = (1/L) / V(t) dt + 1(0)

= 1/(100 x 10-%) / V(¢) dt 10 (A)
=0 t<0sec [T GNENNNEEENESEN
I(t) = 1/(100 x 10°) / V(t) dt T
=10/ V(t) dt | L |
=10/ -10 dt \\\
=-100 t 0st<1sec [l T | ]
I(t)=-100 A t 21sec 0.0 0.5 10 t(sec)
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O AC Circuits

Energy Stored in an Inductor

0 —

Calculate the instantaneous energy :
stored in an inductor with an inductance -

L and an instantaneous voltage V| (t) i) <> VL:(t) L
PO =Vi(t) I -
W,(t) = / P(t) dt
= [Vt 1) ot
=/I(t) L di(t)/dt dt
=L /It di(t)

or

W, (t)=1% LE®Y
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METU

AC Circuits

Example -5

Problem

Find the instantaneous energy in the
inductor for the current shown in the figure

I(t)=0
I(t)=7%(t-1) Amp
I()=1Amp
I(t)=-7(t-13) Amp

I(t)=0 I(t) (Amp)

1.0

0.5

0.0

I(t) ——

.
) V(t)

8.0

10.0

12.0 14.0
t (sec)
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Q) AC Circuits

Example -5

_ sowin [

_ 1 2 + +
W, (t) =% L F(t) Q> vig ]
By using the above formula

W(t) = 0 Joule t<1s
W(t)= 1102 x (i (t-1))?

=0.3125 x 103 x (t-1)> Joules 1<t<5s

W(t) (Joule)
W(t) = 0.01/2 x 12 = 0.005 Joules 55t<9s [
W(t) = 72 10 x (% (t - 13))? 0.005
=0.3125x 10°x (t- 13)* Joules 9<t<13s NN N

W(t)=0 t t213s oo

Please note that 1 Joule = 1 Watt x 1 sec Zzz / \
oo | \
0.0 2.0 4.0 6.0 8.0 10.0 12.0 14.0

t (sec)
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O AC Circuits

R-L Circuits

Solve the R-L circuit shown on the RHS
which consists of a resistance in series
with an inductance for current waveform
when the switch is turned “on” at time:
t=0sec

Writing down KVL for the circuit
V(t) =R I(t) + L di(t) / dt

or

di(t) / dt + (R/L) I(t) = (1/L) V(1) A first order ordinary differential equation
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O AC Circuits

METU

Solution of the resulting First Order Ordinary Differential Equation

Solve the resulting first order ordinary differential equation (ODE)

di(t) / dt + (RIL) I(t) = (1/L) V(1

dift)/ dt+ (RIL) I(t) = (1/L) Vsin (wt + cz)

Voltage (Volt)

312 |

300

200 | : Amplitude

100 : ;

Angle J (Radians
32 2r

(

Phase angle « \
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AC Circuits

Solution of the resulting First Order Ordinary Differential Equation

Solution

V(t)=\l>sin(wt+ a)

Solve the resulting first order ordinary differential equation (ODE)

dift) /dt + (RIL) I(t) = (VIL) sin (wt + c)

Define an integration factor u(t) = e tRL
Multiply both sides of the above ODE by this factor;

' w(t) i/t + 1(6) (RIL) () = () (V/ L) sin (wt+ )
w(t) dife/dt+ 1) dldt u®) = (V/L) (o) sin (wt+ a)

| didtp(t) = (RIL) p(t)

ddt fu(t) I(0)] = (V/L) u(t) sin (wt+ )

Jdldt [u(t) I(9)] dt = (V/L) [u(t) sin (wt+ ) dt+ I(0)
() I = (V/L) fu(t) sin (wt+ ) dt + I(0)
I = 11a(t) 1 /ju(t) sin (wt + ) dit + p(t) 1)
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O AC Circuits

METU

Solution of the resulting First Order Ordinary Differential Equation

Solution (Continued) Switch is turned “on” at: t = 0 sec

Subsituting the integration factor p(t) = e tRL into
the above solution;

I(t) =1e-tRL fetRL sin (wt+ o) dt + e~tRL I(0)

Let a = 0 (for simplicity)
(R/L) sinwt - w coswt
JetRLsin wtdt =etRL

V(t)=/\\/sin(wt+ a)

Taken from the Reference: Calculus and Analytic Geometry,
Thomas,Addison Wesley, Third Ed. 1965, pp. 369
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O AC Circuits

METU

Solution of the resulting First Order Ordinary Differential Equation

Solution (Continued) Switch is turned “on” at: t = 0 sec

Subsituting the above term into the solution;

X \ (R/L) sinwt - w coswt
It = ‘
(RIL)2 + w 2

(R/L) sinwt - w coswt

) B e ('sinwt - (WL/R) coswt ) + e ~tRL |(0)
(WL/R)? + 1

Steady-State Term Transient Term
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Q) AC Circuits

>

METU

Solution of the resulting First Order Ordinary Differential Equation

Numerical Example Switch is turned “on” at: t = 0 sec

Now assume that the parameters of the circuit on
the RHS are as follows;

V(t) = 312 sin wt Volts
R=10hms
L =10 mHenry

f ’

|
N\
V(t)=Vsin(wt+ a)

(t) = -—mmmmmmmmmmeeee ( sinwt - (WL/R) coswt ) + e -tRL|(0)
(WL/R)? + 1

Steady-State Term
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METU

AC Circuits

Solution of the resulting First Order Ordinary Differential Equation

Numerical Example
/\ 20
|

250
200
150
100

50

-50
-100
-150
-200
-250

I SS (t)

Steady.

Transient Term

M\

M\

™\

[/

Y
-State Term

[/

f

/]

/

i

/]

/

/

/
//

/4

1
<//

\J

G
S

tr (t)

0

400

300

200

100

0

-100

-200
-300

0.5

1 1.5

I ss (t) +1 tr (t)

/\

/

/

05 \
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O AC Circuits

METU

Solution for DC Voltage - Two Simple Rules

R=1Q
An inductor with no initial current acts as | MWW —
an open circuit to a DC voltage source N N
initially i,
0 Vo _% L=0.002 H
I0)=(1/L)/ V(t)dt=1,=0  (OC)
Then, the initial value of current will be; i/\/\XN\ 1(0)=0

1(0)=0

The current waveformiwill then be; 7=L /R =Time Constant: The time required for

I(t) = I(e<) + [1(0) - I(=) ] e Ve==F 5 mi1 1 20002/ 1=0002Sec
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O AC Circuits

METU

Solution for DC Voltage - Two Simple Rules

BT S S —

R=1Q

An inductor acts as a short circuitto a -
DC current (or voltage) finally N Ity — .
V(t) =L d/dtI(t)=L d/dt(ct)=0 (SC) Voe S LF0002H
Then, the final value of current will be; :
()=V/7 W
+ —_—
+
Vic C) () B SC
0-0

The current wéveformiwill then be; T=L /R =Time Constant: The time required for

I(t) = I(=<) + [1(0) - (=) ] e Ve~=§ 5 i1 3 20,002/1 = 0.002Sec.
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O AC Circuits

METU

Solution for DC Voltage - Two Simple Rules

R=10hms

The current waveform will then be;

(€)= 1) + [1(0) - (=) ] e ¥~ o —
V= 24 Volts L=2mH

I()=VIR - VIR et" £ 200
=V/IR (1-e Ur) = 160

12.0 =
% 63 of peak value (24 V)
T=L /R =Time Constant: The time required for 8.0
the inductor to reach 63 % of full current
=2mH/14£ =0.002/1=0.002 Sec 4.0
Oé) 0. O@Z 0.004 0.006 0.008 0.01
iGrrannnnnnnns
: T t (sec)
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AC Circuits

METU

Example - 6

R=10hms
Problem
It} ——

Find the current waveform in the 2 mH " +
inductor with 6 Amps initial current connected C) V= 24 Volts L= 2mH
to a 24 Volt DC voltage source through a wire

with 1 Ohm resistance as shown on the RHS

Inductor has 6 Amp initial current;

I(t) (Amps)
|
\ >

[EnY
(o2}
o

1(0)=1,=6 Amp

Inductor will be SC at the end, hence;

/ I(=) = 24 A

l(2)=V/R=24/1= 24 Amps 120

The current waveform will then be; /A - :

Q)= I() + [1(0) - (=) ] &/ de| o-o« B

I(t) = 24 + (6 - 24) e-t/o.ooz = 24 B 18 e-t/0-002 Amps 0O n 0.002 0.004 | 0.006 0.008 3.01
t (sec)
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O AC Circuits

Example - 7 R,=10 Ohms

Problem

Solve the circuit shown on the RHS for
current waveform flowing in the inductor

First take out the branch containing inductor,
and find the Thevenin Equivalent circuit of the
part shown on the LHS seen from the
terminals A and B

Kill the voltage source, and find R,

Re, =10//5
=10x5/(10 + 5)

=10/3 Ohms

AWM

A

B

R,=10 Ohms
—NNNN——

A

C>V= 24V Ry=5 Ohms§ P

2

R,=10 Ohms R,=5 Ohms

B

—)

)
—
—

+ +
C>v=24v ] %HMH §R2=50hms

A

%HOAH

B

A

L=04H

B
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O AC Circuits

METU

Example - 7 (Continued)

Solution (Continued)

Open circuit terminals A - B and find Vg

R,=10 Ohms
—— AW ° A

+

C>V= 24V R,=50hms
V=24VxR,/(R,+R,;)

=24 x 5/15=224/3 r. | B

W
N

=8V Re=10//5=10x5/(10+5) A 1A
+ =10/3 Ohms
 Form the resulting Thevenin equivalent C) V=24/3=8V L=04H %
Circuit,
» Connect the inductance to the resulting B _ls
Thevenin equivalent circuit, —— MWW ° A
» Solve the resulting circuit by using the o Clonomms
straightforward method described in C) V=24/328V % L=04H
Example 6
B
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O AC Circuits

R-L-C Circuits

R L 1(0)=l,,
EDWWA

Solve the following circuit for current waveform,
which consists of a resistance, an inductance
and a capacitance connected in series

Writing down KVL for the circuit;

V() =R I(t) + V(1) + V(Y)
= RI(t) + L di(t)/dt + (1/C) / I(tdt + V,(0)
Differentiating both sides wrt time once;

dV(8)/dt = R di(t)/dt + La?I(t)/dt2 +(1/C)I(¢)
(0]}
d2I(t)/de2+ (RIL)dI(t)/dt + (1/LC) I(t) = (1/L) dV(t)/dt

A second order ordinary differential equation
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O AC Circuits

Initial Conditions

Differential Equation

Please note that a differential equation needs initial
conditions in number equal to its order, i.e. two here
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AC Circuits

Initial Conditions

Differential Equation

d2I(t)/dtz+ (RIL)dI(t/dt + (1/LC) I(t) = (1/L) dV(t)/dt

Initial Conditions (ﬁ

The voltage initial condition V(0) may also be
written as,

V(0) = V(0) - V,(0) - Vie(0)

R L 1(0) =1y,

= V(0) - L d/dt 1,(0) - R 1,(0) — —WWAATI0
* Iy v(0=Ve
> V(t) —
d/dt 1,(0) = 1,"(0) = (1/L) [ V(0) - V(0) - R1,(0) ] [2 - ¢
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O AC Circuits

Initial Conditions

Thus the initial conditions in terms of the
solution variable I(t) may now be written as,

1.(0) = I,

R L 1.(0)=1,

1(0) = (1/L) [ V(0) - V(0) - R 1,(0) ] — AW
: + I(t)

+ [V, (0)=Vg
Om =

Please note that a differential equation needs initial
conditions in number equal to its order, i.e. two here
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O AC Circuits

Example

Solve the R-L-C circuit with the given parameters V(0) = V,, = 87 Volts
shown on the RHS for current I(t) 1,(0) = 1,,=0

Writing down KVL for the circuit shown on the
RHS the following ODE is obtained  R=2Q  L=1H

o .
d2I(t)/dt2+ (R/L)dI(t)/dt + (1/LC) I(t) = (1/L) dV(t)/dt W It) e
C=2494mF |+

+
: : _ B FL
2/1=2 1/(LC) = 1/(1x 2.494 x 10°) = 401 <> Vit)=100e

d?l(t)/dt?+ (2/1) dI(t)/dt + 401 I(t) = (1/1) dV(t)/dt
d?l(t)/dt? + 2 di(t)/dt + 401 I(t) = d/dt (100 e ) = - 400 e-*
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O AC Circuits

Solution

. R=2Q L=1H

It

First, obtain the homogeneous equation by + ()c= 2404 mE | +

setting the RHS source function to zero () Vi) =100 ¢4 B
= e

d2I()/de2+ 2 di(t)/dt + 401 I(t) = 0

Then, solve the characteristic equation

s2+2s+401=0

e :

a1 b2 -
Sy S;= - b... 'V -4xaxc)/(2a)

= Eigenvalues of the differential equation
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O AC Circuits

METU

Solution
R=2Q L=1H

I(t)

Then, the homogeneous solution becomes * C=2494mF | +

V(t) = 100 e-4t —

I(t) =k,es! + k,es!
= k1 e(-1-j20)t + k2 e(-1+j20)t
= - t -j20 ¢t -t j20't
k1 € " xée v k2 e " x ée Taken from the Reference: Calculus and

=e-t(k, e-j20t 4 k, e j20t) Analytic Geometry, Thomas,Addison
Wesley, Third Ed. 1965, pp. 867

ef=cos@+jsinb
=e- [k, (cos20t-jsin20t)

+ k,(cos20t+jsin20t)]
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Q) AC Circuits
Euler’s Identity

|e|=| cos6+jsiné |

=+ cos?0+ sin?0
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O AC Circuits

METU

Solution

. R=20  L=1H
_ Riccieut SN
Rearranging the terms . It
C=2494mF |+
V(t) = 100 &-*! —

It) =e-t[k, (cos 20t-j sin 20t)
+  k,(cos 20t + j sin 20t) ]
=e-![(k, * k,) cos 20t + (k,— k,) sin 20t ]

Unknown coefficients to determined

Hence, the homogeneous solution (decaying
sinusoidal term) becomes;

I(t) =e-t(Acos 20t + B sin 20t )
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Q) AC Circuits

Solution

Nonhomogeneous Solution

(Transient Term) —’WW\—(m\—

It
Now the nonhomogeneous solution (transient N C =2.494 mF_L
term) is to be determined V(t) =100 e 4t _—

+

Definition of the Nonhomogeneous Solution

General form of the nonhomogeneous solution
(transient term) may be expressed as

|(t)=ce-*t

where, | (t) is the nonhomogeneous solution,
c is an unknown coefficient to be determined
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O AC Circuits

Solution
Nonhomogeneous Solution , R=2Q_ L=1H

(Transient Term) / ’WW\;;W

Substitute the nonhomogeneous solution; C = 2.494 mF

<> V(t) = 100 e-4t —
|(t)=ce-*t -

to the given differential equation;

+

+

d?l(t)/dt? + 2 dI(t)/dt + 401 I(t) = - 400 e

and solve it for the unknown coefficient ¢

d?(ce -4Y)/dt?+ 2 d(ce -*Y)/dt + 401 ce-*t= -400 e*

1 691 2c(-4 ) + 401 =-400 These terms cancel
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O AC Circuits

Solution

Nonhomogeneous Solution
(Transient Term)

These terms cancel
162c(-+401ce wd  Re20 LetH

/_‘_‘._“ —_— |
16c-8c+401c=-400 ]H

d?(ce -4Y/dt?+ 2 d(ce -*\)/dt + 401 ce~*t= -400 e*

+

C=2494mF

v

409c=-400 or c=-400/409 =-0.97799

V(t) = 100 e-4t

Thus, the nonhomogeneous solution becomes;

I(t)=-0.97799 e -4t
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Q) AC Circuits

Solution
R=2Q  L=1H
Complete Solution VS TIVY U e
It

Complete solution is the summation of the s
homogeneous (decaying sinusoidal) and U= 100 o 4 C=2494mF |~
nonhomogeneous solutions (transient term) (t)=100e -

Decaying Sinosoidal Term

Transient Term
—t— /————
I(t)=-0.97799 e ~** + et (@A)cos 20t +(B)sin 20t )

4

Unknown coefficients to determined
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Q) AC Circuits

Solution
R=2Q L=1H

Determination of the Unknown / AMAAA W

Coefficients ”
¥ C=2494 mF

It)=-0.97799e-4t +e-t(Acos 2t + B sin 2t) V(D) = 100 e L

%—l%_l

Transient Term Decaying Sinosoidal Term

+

(0 =1,=0

The above solution must satisfy the given
V(0) = V,,= 87 Volts

initial conditions;
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O AC Circuits

Solution

Determination of the Unknown ,(0) =1,=0
Coefficients V.(0) = V,,= 87 Volts

Substitute the given initial conditions into the
complete solution equation and solve for the :
unknown coefficients Aand B; = e ;

I(t)=-0.97799e-4t +e-t(Acos 2t + B sin 2t) R=2Q  L=1H

/ & " ]WT |
Y ' It
Transient Term Decaying Sinosoidal Term + ¥
C=2494mF |+

V(t) = 100 e-4t —
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O AC Circuits

Solution

Determination of the Unknown 1,(0) = 1,=0
Coefficients V.(0) =V,,= 87 Volts

Substitute the given initial conditions into the
complete solution equation and solve for the
unknown coefficients A and B;

I(t) =-0.97799e-4t +e-t(Acos 20t + B sin 20t)

Y 1 v . v1 0 ‘ —_— (060\
1,(0) = - 0.97799@ D) +@) A ) -

=-0.97799+A=0 : N C =2.494 mF| +
<>va)= 100 ¢4t —

v —

A=0.97799
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O AC Circuits

Solution

Determination of the Unknown
Coefficients

1,(0) = 1,=0

V4(0) = V,,= 87 Volts

l,(t)=-0.97799 e -4t + e-t( A cos 20t + B sin 20t ) . R=20  L=1H
V(0) = 100 & *! /X AW

=100 e 40 (1)
=100 V + -

C) V(t) = 100 &-*t C=2494mF |+

+

d/dt 1,(0) = 1,(0) = (1/L) [ V(0) - Ve(0) - R1,(0) ]

=(1/1) (100 — 87 -2x0)
=13 Amp/sec
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q) AC Circuits

METU

Solution

Determination of the Unknown Ve R=20  L=TH

Coefficients L)

didtl (t) =0.97799 x4e-4t-e-t(A cos 20t +B sin 20t C = 2.494 mF| +
Lt ¢ ) <>V(t)=1006_4t mF| +

+e-t(-20Asin20t+ 20 B cos 20t)

d/dt1,(0) = 0. 97799x4‘-,( -)
‘( -20 A‘+ 20 B -13 Amp/sec

=097799x4-A+20B = 13 Amp/sec
=0.97799 x4-0.97799 + 20 B = 13 Amp/sec

B=(13-3x0.9799)/20=0.5033
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Q) AC Circuits

Solution Terms

General form of the Solution

I(t)=-0.9799e-4t +e-t(0.97799 cos 20t + 0.5033 sin 20t )

H—l%_l

Decaying sinosoidal Term R=20 L=1H
e

I(t)
" C=2.494 mF
d)V(t)=100 e 4t ﬁ

Transient Term

+
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O AC Circuits

METU

Solution Terms

=-0.9799e “H+e-1(0.97799 cos 20t + 0.5033 sin 20t )

v
Transient Term

0.00 0.0 9.2 9.4 9.6 9.8 1.0 1,'2 1.4 1.6 X R=20O L=1H

/MW i
040 § C = 2.494 mF

0,60 C) V(t) = 100 e-4t ﬁ_

-0.80

+

-1.00

-1.20
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O AC Circuits

METU

Solution Terms

Sinusoidal Terms

I,(t)=-0.9799 -4t + e ,
: . R=20 L=1H

Sinosoidgl Terms ey

20 = MWW
It
C=2494 mF

CjV(t)=100 g4t —

0.80

+

0.40

0.00

-0.40

— 0.9779 cos 20t
0.5033 sin 20t
P7Y A e N A S SN A ol OO R 0.9779 cos 20t + 0.5033 sin 20t
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O AC Circuits

Solution Terms

12 _ R=2Q  L=1H
0.80 /‘ AMAN (UW |
I(t)
e * C =2.494 mF
0 V(t) = 100 e 4t ——

-0.40

-0.80

-1.20
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O AC Circuits

I(t)=-0.9799 e-4t +@-t( 0.97799 cos 20t + 0.5033 sin 20t ) -

Solution Terms

Exponentially Decaying Sinusoidal Term

v

1.20
: : R=2Q =
L\ e-tx( 0.97799 cos 20t + 0.5033 sin 20t ) N — L=1H
0.80 [| ™ . / . ’WW\—(WD—
I(t)

040 + C=2494mF | +
V(t) =100 e 4t —

-0.40

-0.80

420 -
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O AC Circuits

Solution Terms

Overall Solution

0.80 R=2Q L=1H
N .
o /AW
W\ A A ""
00 gs| | |10 1. 20\ A5 A~ 3N 35 40 |t C=2494mF | +
V \/ vV VvV V(t) = 100 &4t —
-0.40 —
-0.80

Homework:
-1.20 Solve the same problem for the
case that the voltage source has
160 a sinusoidal waveform
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AC Circuits

RMS Value

Definition: RMS (Root Mean Square) e

RMS value of an AC current is the value of DC
current that would dissipate the same amount of :
power on a resistance R A

The above definition is based on the principle of V % R
R

equating the heating effects of the AC and DC
currents calculated in both cases

First, calculate the power dissipated (heating
effect) in the resistance R in the DC circuit shown
on the RHS
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AC Circuits

RMS Value

RMS (Root Mean Square)

METU

1%(t) = (I, sin wt )?

Now, calculate the power dissipated (the '
heating effect) in the resistance R in the
AC circuit shown on the RHS

Ve () =I(t)xR

Pac (8) = V(1) xI(t)
=RIt)*=R((V,

/R) sin wt )?

ax ' \
=R (I ., Sin wt )?
0 /2 1 37t/2 T
- Angle (Radians)
— V(t)] 4 §
i} 10| N
Vi) SR \/
: : _ 15 S
V(t) = V,,,, Sin wt 20
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AC Circuits

RMS Value

Now let us equate the power dissipations
in the above cases

Ve (t) =Rx ()

Pyc (t) = V(®) x (1)
= RI(t2= R ((V,,
=R (I

/ R) sin wt )?

ax
sin wt )?

max

sin wt

Vi) =V,

ax
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METU

AC Circuits

RMS Value

VR(t) =R x

i)

Pac (t) = V(1) x I(t)
= RIt)*= R ((Vpax

=R(l

max

sin wt )?

/ R) sin wt )?

60

45
40

20

100
80
60
40
20

Pac(t) 2 " 3n12AngIe (Radiazr%ts)
| | | |
/ N
I\ / 1\
-\ / N\
: \/
0  ni2 EN 3nl2
: \ Angle (Ryéns
N S
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AC Circuits

METU

RMS Value

o Ppc
Definition 60 |

45

In principle, the DC power waveform is NOT Py —— =
equal to the AC power waveform | :

™ .41 ......... R X IDCZ

They may however, be equal in terms of their
averages, i.e. the mean of DC power transferred : ﬂ v
to the load over a period may be equated to that Puclt) ™ " s ngle (Radiane)
of AC power transferred to the load within a 0 ~
period o \
R IR /2 S WA AN N\
\

1 40
Average(P,.) BeP /

........ A\ 4
0 nl2 EN 3nl2

\ Angle (Ryéns
NS
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AC Circuits

RMS Value

T 3n/2 2
Angle (Radians)

....... N
\

\ Angle (Ragfans

0 nl2 EN 3nl2 T

~
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O AC Circuits

RMS Value
e
Period
Please note that average value of an AC : erio
waveform is calculated as = (1) [ Paclt) it
T 0
P(t) g = (1T)/ Paclt) o T
K 80 /N\
= (1/T)/ RI(t) dt . 7/;\ 71\
0 / ;
s et ) D
y v
0 0 nll2 | T 3nl2 2n
Angle (Radians
|

EE 209 Fundamentals of Electrical and Electronics Engineering, Prof. Dr. 0. SEVAIOGLU, Page 115



Q) AC Circuits

RMS Value
Poc
Definition 0
Hence, equating the average of the two terms; ® g —T—
.4. .......... R x IDCZ
;
) iz " iz Angle (Radigﬁs)
/™ A~
/1 \ / 1\
AN e N
N/
Ean 14 32
\ Angle (Radians)
R (I ., Sin wt)? N~
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AC Circuits

METU

Example

Paclt
Problem 100 o | |
/\ | /\

Find the RMS value of the sinusoidal current / \

waveform; : N / .............. \ooon

It) = I, sinwt = /

shown on the RHS 32 ;

\ Angle (Radigns

1=\ (1/T)/I(t)?dt
=N (1T) /[, sinwt]?dt

=1 N (1/T) [ sin?wt dt
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O AC Circuits

RMS Value

lays =1, N (1/T) [ sin?wt dt

Now use;

sin? wt = 1- cos? wt
=1-(1+cos 2wt)/2

Angle (Radians)

=1-7— 7 cos 2wt -
=% - ¥ cos 2wt : N\

l oys =1... N (1/T) /(72— ¥ cos 2wt ) dit

s = Inax N (1/T) /(/2 7 ) Taken from the Reference: Calculus and
\/—1_1— Analytic Geometry, Thomas, Addison Wesley,

I rws = Inax N (1T) [/ Y dt = /% cos 2wt dt ] Third Ed. 1965, pp. 348

ﬁ—l

EE 209 Fundamentals of Electrical and Electronics Engineering, Prof. Dr. 0. SEVAIOGLU, Page 118



O AC Circuits

RMS Value
/\
(UT)[/ % dt - [ % cos 2wt dt | [\
2 2 TN /A -

3n/2 2T

I jws = hnax N (T) % Jdlt =1, % (@ DKT) o ks

o
D

IDC =\/7 Imax \
=/, /N2 =1_.=1_x07071

Rule: RMS value of a sinusoidal waveform is 1/\ 2 of its peak value
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AC Circuits

RMS Value of a Sinusoidal Waveform

Voltage (Volts)
Problem

Calculate the RMS value of the
sinusoidal voltage waveform shown on
the RHS

P oo ST, S S S S A

Angle (Radians)

‘/f'mS = vmax / \/T

31t/2
=V, . x0.7071

=312 x 0.7071 = 220 Volts

27

RMS value of the domestic voltage in Turkey
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AC Circuits

Example - 8

METU

Calculate the RMS value of the rectangular mq
voltage waveform shown on the RHS S 4 |
i) — E’ 2
2,
: 0.1 0.2 0.3 0.4 0.5 0.6
V(t) + + ) Time (msec)
Qb iy =
— 4
=
Vims = N (1/T) J V(t)? it g
L 16 %
01 03 V(1) = 16  [TETTICTIn o
(1/0.3) [0/42 dt + /[ (-4)2dt] 8
" 0 01 0z 03 04 65 06
=4 Volts Time (msec)
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O AC Circuits

METU
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