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Outline

Pat ter n  R eco g n i t i o n : D ef i n i t i o n s an d  O b j ec t i v es

 B ay es C l assi f i er s

E st i m at i o n  o f  Par am eter s

F eatu r es an d  F eatu r e Sel ec t i o n

K -N ear est N ei g h b o r C l assi f i er s

L i n ear  D i sc r i m i n an t F u n c t i o n  C l assi f i er s

T r ee C l assi f i er s

C l u st er i n g

T r ai n i n g  an d  Per f o rm an ce T est i n g  i n  PR

R ef er en ces
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Pattern Recognition: Definitions

Pattern Recognition(PR):  T h e p r o cess o f  m ach i n e p er cep t i o n f o r an 
au tom at i c l ab el i n g  o f  an o b j ec t o r an ev en t i n to  o n e o f  th e p r ed ef i n ed 

categ o r i es.

Pattern Classification: F i n a l  step  i n  a PR  sy stem
------------------------------------------------------------------------------

W e h um an  b ei n g s d o  p at t er n  r ec o g n i t i o n  ev er y d ay .
W e “recognize” an d  classify m an y  th i n g s, 

ev en  i f  i t i s c o r r u p t ed  b y  noise, distorted an d  variable.

C l assi f i c a t i o n  i s th e r esu l t o f  recognition:learning, categorization, generalization

A  p r o b l em  i s a PR  p r o b l em  o n l y  i f  i t i n v o l v es ‘statistical variation’
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 Example

W e see h er e th at al l  9 's ar e d i f f e r en t f r o m  eac h  o th er  
an d  9 's an d  4 's c an  easi l y  b e m i x ed
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Example Applications of Pattern Recognition

● R ead i n g  h an d -w r i t t en  tex t to  c l assi f y  i t i n to  l e t t er s 
an d  w o r d s 

● A n al y z i n g  f i n g er p r i n t s to  f i n d  th e o w n er

● R eco g n i z i n g  th e f ac es  o f  p eo p l e to  n am e th em

● F i n d i n g   b u i l d i n g s i n  a sate l l i t e i m ag e

● N am i n g  a g u n  f r om  i t s b u l l e t m ar k (B al l i st i c s)

● I d en t i f y i n g  d i f f er en t o b j ec t s o n  a c o n v ey o r  b el t

● A n al y z i n g  test r esu l t s i n  d ec i si o n  su p p o r t f o r  an y  
i l l n ess
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Pattern Recognition: Definitions

A  Pat t er n  R ec o g n i t i o n  Sy stem  co n si st s o f  th e 
f o l l o w i n g  p ar t s:

Pre-processing and Feature Extraction
Learning
Classification
Post- processing
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Pattern Recognition: Definitions

“Pre- proc es s ing  and Feature E xtrac tion”   C o n v e r t s  
'd a t a ' t o  'f e a t u r e s '

“Data” r a w  d a t a  t a k e n  a s  s a m p le s

“Feature”  a  d is c r im in a t in g , e a s i ly  m e a s u r a b le  c h a r a c t e r is t ic s  o f 
o u r  d a ta .

“Feature Vec tor”: A  s e t o f v a r ia b le s  t h a t r e p r e s e n t d i f f e r e n t 
fe a tu r e s

“Feature S pac e” : is  d e f in e d  b y  a  fe a t u r e  v e c to r
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Pattern Recognition: Definitions

Pre-processing and Pattern Extraction
A l l  o p er a t i o n s o v er  r aw  d ata(su c h  as a r em o te l y  sen sed  im ag e) to  

en h an c e an d  p r o c ess i t , l ead i n g  to  ex t r ac t i o n  o f  f eatu r es .

I n c l u d es en h an c em en t , ed g e ex t r ac t i o n , seg m en ta t i o n  et c .

P at t er n  ex t r ac t i o n  r esu l t s w i t h  a f eatu r e v ec to r  X
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Example
C o n si d er  r ec o g n i t i o n  o f  h an d w r i t t en  c h ar ac ter s:

                                   

          R aw  d ata:B i tm ap              F eatu r es: M om en t i n v ar i an t s

A [ ]kMMM ,...,, 10
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Example
C l asi f i c a t i o n  o f  l an d  u se f r om  m u l t i sp ec t r a l  d ata
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Pattern Recognition: Definitions

Learning: D ev i si n g  a c l assi f i e r  f r o m  c o l l ec ted  sam p l es w i t h  o r  
w i t h o u t k n o w n  l ab el s(c ateg o r i es)

“Learning samples” Large data sets to be used in training, or estimating 
parameters, etc. They may be labeled or not.

Given the learning data set with known labels:supervised learning;Unknown 
labels: unsupervised learning and clustering

“Test Samples” used in testing the classifier performance.

 “Result” a decision on the category sample belongs.
      
“Performance” How well a classifier correctly recognizes test samples
“Correct Classification ratio” ratio of correctly classified samples to all test sified samples to all test 
samplessamples
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How do we separate A ’s from B ‘s?
Form a decision boundary
Classify the sample to the side it falls

Letter A Lette
r B

feature 1

feature 2

Pattern Recognition: Definitions

Feature Space for 2 features

Classification

A decision boundary
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Pattern Recognition: Definitions

Post- processing::  Domain knowledge may be incorparated to correct mistakes, such as 
using  language to correct letter classifiers

A Pattern Recognition System A Pattern Recognition System 

Preprocessing Classification Postprocessing

Learning

Raw 
data

Features Label Result 

Model parameters etc
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Objective in PR

Performance criteria: M inimize the average error (at l east as g o o d  as a h um an  
b ei n g )

M inimize the risk: w r o n g  d ec i si o n  co u l d  b e m o r e r i sk y  i n  som e c ases su c h  as m ed i c a l  
d i ag n o si s

Why automise? Obvious reason: save from time and effort

(E x : c o n sen su s f o rm s: en ter  1 00 m i l l i o n  r ec o r d s i n to  el ec t r o n i c  m ed i u m ).

How do machines solve it: M an y  d i f f er en t ap p r o ac h es i n  h i sto r y

Statistical Pattern Recognition:  r e l i es o n  stat i st i c s o f  c o l l ec t ed  d ata

Structural Pattern Recognition: t r i es to  d i sc o v er  th e st r u c tu r e i n h er en t i n  d ata

(ex : m ay  assum e l et te r s ar e c om p o sed  o f  st r o k es et c)
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Statistical Approach to P.R

Dimension of the  feature space:
Set of different states of nature:
Categories:
find 

set of possible actions (decisions): 
Here,  a decision  might include a ‘reject option’ 
A Discriminant Function

 in region       ; decision rule :       if 
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A Pattern Classifier

So  o u r  ai m  n o w  w i l l  b e to  d ef i n e th ese f u n c t i o n s

to  minimize o r  optimize a c r i t er i o n .
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Bayes Classifiers
A  Par am et r i c  ap p r o ac h  w h i c h  assum es th at th e f eatu r e 
v ec to r s ar e r an d om  v ar i ab l es w i t h  k n o w n  p r o b ab i l i t y  
d i st r i b u t i o n s.

'B ay es D ec i si o n  T h eo r y ' i s u sed  o r  m i n i m um -er r o r-
m i n i m um  r i sk  p at ter n  c l assi f i e r  d esi g n .

I t i s assum ed  th at i f  a sam p l e X  i s d r aw n  f r o m  
c ateg o r y  w i , i t i s a r an d om  v ar i ab l e r ep r esen ted  w i th  a 
m u l t i v ar i ate p r o b ab i l i t y  d en si t y  f u n c t i o n  cal l ed

‘C l ass- co n d i t i o n al  d en si t y  f u n c t i o n '  

                                                                                  P(X  P(X      W i)W i)
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           We also know a-priori probability
                      
                         Then, we can talk about a decision rule 
                          that minimizes the probability of error.

              Suppose we have the observation  X               
 This observation is going to change a-priori assumption
                       to a-posteriori probability:

                   which can be found by the Bayes Rule 

)( XP iω

)( iP ω
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                   can be found by Total Probability Rule:
When      

Decision Rule: Choose the category with highest a-posteriori probability, 
calculated as above, using Bayes Rule.

)(/),()( XPXPXP ii ωω =

X

2ω1ω

)(
)().(

XP
PXP ii ωω

=

)(XP

∑
=

=
c

i
i XPXP

1
),()( ω



 20

then,                                      

Decision boundary:

or in general, decision boundaries are where: 

between regions         and      

2R1R
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       Single feature –  decision boundary –  point 
      2 features –   curve (quadratic for gaussian distribution)
      3 features –       surface 
      More than 3 –         hypersurface 
                                                        
                                                               

      Sometimes, it is easier to work with logarithms

   Since logarithmic function is a monotonically increasing function, log fn.will give
 the same result.
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Bayesian Discriminant Functions 

For Minimum Error: 
    

For Minimum Risk:

Where                             
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Bayes (Maximum Likelihood) Decision  Classifier:

B ay es C l assi f i e r  c an  b e sh o w n  to  r esu l t w i t h  a 
m i n i m um  av er ag e er r o r /r i sk , th er ef o r e c o n si d er ed  to  
b e o p t i m al

Most general optimal solution
Can be used if the parametric models are known or properly 
estimated
Provides an upper limit(you cannot do better with other rule)
Useful in comparing with other classifiers
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M in imum D ist ance Classi f i er : A  special case of  B ayes

Classify an unknown sample X to the category with closest mean !

Optimum when gaussian densities with equal variance and equal a-priori probability. 

Piecewise linear boundary in case of more than 2 categories.

1M

4R

2R

3R

4M

3M

2M1R
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N a iv e  B a y e s  C la s s i f ie r

A n o th er  sp ec i a l  c ase

A ssum es th e f eatu r es ar e st at i st i c a l l y  i n d ep en d en t f o r  
a g i v en  c ateg o r y

R esu l t s w i t h : P(x 1 , x 2, x 3...)= p(x 1 )p(x 2)p(x 3)...

S i m p l i f i es th e d ec i si o n  r u l e

O f t en  u sed  i n  p r ac t i c e
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Estimation of Parameters

B ay es R u l e i s g r eat i f  y o u  k n o w  th e c l ass-c o n d i t i o n a l  
d en si t i es, b u t n o t av ai l ab l e i n  n atu r e

 I f  th e p ar am et r i c  f o rm  o f  th e d en si t i es ar e g i v en  o r  
assum ed , th en , u si n g  th e l ab el ed  sam p l es, th e 
p ar am eter s c an  b e est i m ated . (su p er v i sed   l ear n i n g )

M ax i m um  L i k e l i h o o d   E st i m at i o n  o f  p ar am eter s o f  p ar am eter s

U se th e sam p l e set X 1 , X 2, X 3,.......      U se th e sam p l e set X 1 , X 2, X 3,.......      

F i n d  th e p ar am eter s th at w i l l  r esu l t w i t h  m o st l i k e l y  F i n d  th e p ar am eter s th at w i l l  r esu l t w i t h  m o st l i k e l y  
c om b i n at i o nc om b i n at i o n
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Features and Feature Selection

Curse of dimensionality: High number of features increase the 
correct classification ratio but  require too much data!
 We should remove unnecessary features

Are all features independent from each other? Can we reduce the 
size without loosing information, by eliminating 
redundancies?(Principal Component analysis)

Are the features class discriminating? Again, remove features that 
have no discriminating ability(Fishers etc)
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Eliminating Redundant Features

                                            is to be found using a larger set

So we either
Throw one away
Generate a new feature using      and     
  (ex:projections of the points to a line)
Form a linear combination of features. 
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Features that are linearly dependent
so they can be reduced to 1
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                                      A linear transformation
                    W?  Can be found by: 
    K-L expansion, Principal Component Analysis(PCA)

PCA uses eigenvalue approach to result with an ordered set of 
 features,
 in order of statistical independence. 
So pick first d 'most independent' features
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F is h e r ’s  L in e a r  D is c r im in a n t

•Curse of dimensionality. More features, more samples needed.
•We would like to choose features with more discriminating ability.
•Reduces the dimension of the  problem to one in its simplest form.
•Seperates samples from different categories.
•Consider samples from 2 different categories now.
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-Find a line so that the projection separates
 the samples best.  
Same as: 
Apply a transformation to samples X to result 
with a scalar such that Fisher’s criterion function is maximized, where

θη <∇ )(()( kwJk

Line 1(bad solution)

Line 2 (good solution)

Blue (original data)
Red(projection onto Line 1)
Yellow(projection onto Line 2)
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It can be shown that W that maximizes J can be found 
by solving the eigenvalue problem again:

and the solution is given by

Where SB and Sw are 'scatter matrices' 
defined as functions of data scattering.

Multiple Discriminant Analysis:  c category problem.
A generalization of 2-category problem. Generalization to 
M dimensions is also possible.

 

WWSS BW λ=− 1

)( 21
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k-Nearest Neighbor (k-NN) Rule
Non-parametric classification rules:
Linear and generalized discriminant functions 
Nearest Neighbor & k-NN rules

Nearest Neighbor Classification  Rule
1-NN: A direct classification using learning samples
Assume we have learning samples from different categories

Assume a distance measure between samples such as euclidian

....,.........,......,, 1211 jkXXX

ikX jlXd

),( jlik XXd
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A general distance metric should obey the following rules:

Most standard: Euclidian Distance

1-NN Rule: Given an unknown sample X

0),( =ijij XXd
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X
Y
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        if

For 
That is, assign X to category        if the closest neighbor of X is from 
category i.
  

iα
),(),( jlik XXdXXd <

ikjl ≠
iω

X

R e s u l t s  w it h  p ie c e w is e  l in e a r  d e c is io n  b o u n d a r ie s .
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Voronoi Diagrams

Decision boundary

         is a polygon such that any point that falls in      is closer to sample 
    than any other sample     .

k-NN rule: instead of looking at the closest sample, we look at k nearest 
neighbors to X and we take a vote. The largest vote wins. k is usually 
taken as an odd number so that no ties occur.

iS iV

iV iV
iS jS



 39

Analysis of NN rule is possible when                and it was 
shown that it is no worse than twice of the minimum-error 
classification (in error rate).

EDITING AND CONDENSING
NN rule becomes very attractive because of its simplicity and 

yet good performance.
So, it becomes important to reduce the computational costs 

involved.
Do an intelligent elimination of the samples.

Remove samples that do not contribute to the decision 
boundary.

∞→M
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Linear Discriminant Functions

onn wxwxwxwXg ++++= ....)( 2211
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A ssum e t h e d i sc r i m i n an t f u n c t i o n s ar e l i n ear  f u n c t i o n s o f  X

W e  m a y  a ls o  w r i t e  g  in  m o r e  c o m p a c t fo rm

YWXWXg T
aa

T
a ==)(
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•I t s  a s s u m e d  th a t th e  d is c r im in a n t fu n c t io n s

 a r e  l in e a r(b o u n d a r ie s  a r e  l in e a r)

•T h e  la b e le d  le a r n in g  s a m p le s  a r e  u s e d  to  f in d

 b e s t b o u n d a r ie s .

•F in d in g  th e  g  is  th e  s a m e  a s  f in d in g  W a .

•H o w  d o  w e  d e f in e  th e  ‘b e s t ’?

•A ll le a r n in g  s a m p le s  a r e  c la s s i f ie d  c o r r e c t ly ?

•D o e s  a  s o lu t io n  e x is t?

Linear Discriminant Functions
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Linear Separability

XOR Problem
            Not linearly separable

y

x

Solution 1

Solution 2

Seperable,many solutionsions possible

If a solution exists-the 
problem is called “linearly 
separable” and Wa is found 
iteratively. Otherwise “not 
linearly separable” 
piecewise or higher degree 
solutions are seeked.
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I terative S olution:  s t a r t w i t h  a n  in i t ia l e s t im a te  a n d  u p d a te  i t u n t i l

 a  s o lu t io n  is  f o u n d . 

● G radient Des c ent Proc edures
● Perc eptron C riterion func tion
● One-layer Perc eptron(Ros enblatt)

Wao
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Assume linear separability.

perceptron learning
An iterative algorithm that starts with an initial weight vector
 and moves it back and forth until a solution is found.

Update of the weights are done using misclassified samples, towards
reducing them 

w(2) w(1)

w(0)

R2

R1
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Generalized Discriminant Functions
When we have nonlinear problems as below:

Then we seek for a higher degree boundary.
Ex: quadratic boundary

will generate hyperquadratics boundaries.
g(X) still a linear function w’s.
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NON-SEPARABLE CASE-What to do?

It was shown that we can increase the feature space dimension
 with a nonlinear transformation, the results are linearly separable. 
Then find an optimum solution.(Support Vector Machines) 
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     UNSUPERVISED LEARNING AND CLUSTERING

No class labels for learning samples.
We need additional means to label and classify – can be done separately 

(first label then classify) or together.
PARAMETRIC APPROACH- Estimation of class conditional densities
NONPARAMETRIC – CLUSTERING

Problem:
Given samples X1, X2,…………, Xn

Group them into clusters so that samples in same 
cluster are “similar” 

Easy separation example
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Difficult separation
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Scaling Effects
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Criterion Functions for Clustering

c- number of clusters
Mi – mean of the samples in the same cluster
Aim: determine the partition that will minimize J.
Minimum variance partition ( sum of squared error criterion)

Sum of squared error criterion

Sum of squared errors:

Using Je results well for compact clusters.
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Basic ISODATA Algorithm (k-means)
Assume that there are k categories
• Choose k arbitrary points in space as cluster centers. 

• Assign samples to their nearest cluster. 

•  Update M’s. If any means changed value, go to 2. Otherwise stop. 

May fall into local minimum.

02010 ..,,........., kMMM
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I t e r at i v e M i n i m um  Sq u ar ed  E r r o r  C l u ster i n g
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Hierarchical Clustering
A different approach to clustering.

Hierarchy in living species
Each species is a class by itself.
Combine the ones that are closest
Continue combining until the number of clusters are what is 
desired or a criterion is satisfied.

Issues:
How do we measure distance between clusters?
When do we stop?
Do we start from bottom or from top?

8

5
6

4
321

7

3 clusters
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Basic Bottom-up Hierarchical Clustering Algorithm for 
k clusters

1. Start taking each sample as a cluster. n=m (n of samples)

2. Measure di,j – distance between clusters Di and Dj. Join two 
clusters Di and Dk for which 
n=n-1;

3. If n<k   stop.            k:number of desired clusters
Else go to 2.     

dij can be defined in many ways.(where s is in i and z is in j:)

jiki dd ,, min=

zs xxd
ji

−= min
,min
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nn

d
ji
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,
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Example
Apply hierarchical clustering with dmin to below data where c=3.

dmin

dmax

will form elongated clusters!

Nearest Neighbor Clustering
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Tree Classifiers

C o n si d er  th e f eatu r e v ec to r  X =  (x 1 , x 2, x 3....x n )

A  t r ee c l assi f i e r  c o n si d er s  f eatu r es o n e b y  o n e i n st ead  
o f  as a w h o l e an d  m easu r es th em  o n e b y  o n e, 
f o l l o w i n g  th e l eav es o f  a t r ee. T h e f eatu r es ar e 
u su al l y  b i n ar y  v al u ed  . 

A n  o p t i m um   t r ee c an  b e c o n st r u c ted  u si n g  l ear n i n g  
sam p l es.

L eav es o f  th e t r ee c o r r esp o n d  to  th e c l asses.

E x am p l e w i l l  b e seen  i n  th e f o l l o w i n g  .
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Tree Classifiers: Example

 C l assi f i c a t i o n  o f  i l l n ess 'O steo ar t h r i t i s't o  l ev e l s 0-4 

U si n g  f eatu r es o b ta i n ed  b y  g ai t (w al k i n g )an al y si s an d  
p at i en t h i st o r y

T h e t r ee i s g en er ated  b y  u si n g  'g i n i ' i m p u r i t y  i n d ex

OAGAIT’: A Decision Support System for Grading Knee Osteoarthritis using 
Gait Data' Pattern Recogniton Letters, July 2010

N. Köktaş, N. Yalabık, G. Yavuzer,P. Dunn, V. Atalay
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Im p le m e n ta t io n  a n d  r e s u l t s

80% success rate with 100 test samples
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D e c is io n  T r e e  C o n s t r u c t io n  a s  L e a r n in g  

B i n ar y  T r ee(A l l  t r ees c an  b e c o n v er ted  to  a b i n ar y  
t r ee)

'i m p u r i t y ' m easu r e u sed  to  d ec i d e h o w  to  sp l i t a 
t r ee(w h i c h  f eatu r e to  star t w i t h ); sh o w s h o w  sam p l es 
ar e d i st r i b u ted  to  c ateg o r i es as a r esu l t o f  sp l i t

S p l i t t h e t r ee so  th at i m p u r i t y  i s l o w est

'en t r o p y  im p u r i t y ','v ar i an c e i m p u r i t y ', 'G i n i  i m p u r i t y '
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Training and Performance Testing in PR

W h i c h ev er  c l assi f i e r  i s u sed , th er e i s u su al l y  a 
t r a i n i n g (l ear n i n g ) stag e  

H ow  to  t r a i n  w i t h  av ai l ab l e d ata?

V al i d at i o n  an d  C r o ss-V al i d at i o n

H ow  to  test th e p er f o rm an c e?

C o n f u si o n  M at r i c es

R O C  C u r v es
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Cross-Validation

A ssum e a set o f  l ab e l ed  sam p l es ar e av ai l ab l e

A  n um b er  o f  th em  w i l l  b e u sed  to  t r a i n  th e c l assi f i e r  
an d  o th er so th er s to  test th e r esu l t s(d o  n o t u se th e sam e 
sam p l es)

M -f o l d  c r o ss-v al i d at i o n :M -f o l d  c r o ss-v al i d at i o n : 

D i v i d e th e sam p l e set i n t o  m  d i sj o i n t set s o f  eq u al  si z e

T r ai n  m  t i m es, each  t i m e w i th  a d i f f er en t set u sed  i n  test i n g

T h e  p er f o rm an ce i s m easu r ed  as th e m ean o f  er r o r s each  
t i m e 
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Performance Testing

S im p l est m eth o d : C o n f u si o n  M at r i c es

Sh o w s w h i c h  c ateg o r y  i s c o n f u sed  w i t h  w h i c h  



 65

R O C (R e c e iv e r  O p e r a t in g  C h a r a c te r is t ic ) C u r v e s

A ssum e 2 categ o r i es, w h er e o u r ai m  i s to  d etec t a si n g l e o b j ec t 
ag ai n st al l  o th er s (a b i n ar y  c l assi f i er)

'h i t ' 'h i t '  co r r ec t l y  c l assi f y i n g  th e o b j ec t (t r u e p o si t i v e)

'f al se al arm ' 'f a l se al arm ' i n c o r r ec t l y  f i n d i n g  th at th er e i s an  o b j ec t w h en  i t 
i s n o t th er e(f al se p o si t i v e)

'm i ss''m i ss' f i n d i n g  n o  o b j ec t w h en  i t i s th er e(f al se n eg at i v e)

P r o b ab i l i t y  o f  'h i t ' v s th e p r o b ab i l t y  o f  'f a l se al arm ' i s cal l ed  aP r o b ab i l i t y  o f  'h i t ' v s th e p r o b ab i l t y  o f  'f al se al arm ' i s cal l ed  a  
R O C  C u r v e.R O C  C u r v e.

A  R O C  C u r v e i s u su al l y  u sed  to  com p ar e th e c l assi f i er s.A  R O C  C u r v e i s u su al l y  u sed  to  com p ar e th e c l assi f i er s.
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M e a s u r e s  o f P e r f o rm a n c e

Sen si t i v i t y (r ec a l l  r a te)

Sp ec i f i t y
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E x am p l es o f  R O C  C u r v es

(T ak en f r om :T om  F aw cet t 'R O C  G rap h s: N o tes an d Pr ac t i c al  
C o n si d er at i o n s f o r r esear ch er s')
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E x a m p le :M ic r o c a lc i f ic a t io n s  in  a  M a m m o g r a m
'A  S u p p o r t V e c to r  M a c h in e  A p p r o a c h  f o r  D e te c t io n  o f M ic r o c a lc i f ic a t io n s '

Issam El-Naqa et al
IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. 21, NO. 12, DECEMBER 2002
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P e r fo rm a n c e  C o m p a r is o n  u s in g  a  R O C  c u r v e

H i g h er  th e c u r v e i s, b et t er  th e p er f o rm an c e
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