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Linear Algebraic 
Equations
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m equations in n unknowns

Where aij are constant coefficients , cj are constants.

Linear Equations:



Brief Review of Matrices
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[m*n] matrix

İf m=n square matrix

If m=1, [1*n] row vector and if n=1 [m*1] column vector
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Matrix is symmetric if:  aij=aji

Matrix is diagonal if aij=0 for i≠j for all i

Matrix is identity Matrix, I, if aij=0 for i≠j for 
all i and aii=1
Upper and Lower Triangular Matrices
Banded matrix
Transpose of a matrix



Matrix Operations
[A]=[B] if both matrices have the same m 
rows, n columns and aij=bij for all i,j
Addition and Subtraction:

[C]=[A]+[B],     cij=aij+bij

[C]=[B]+[A] = [A]+[B] Commutative
([A]+[B])+[C]= [A]+([B]+[C]) Associative 



Multiplication by a constant:

k[A]=G          gij=kaij

Multiplication of Matrices:
[C]=  [A]   [B]
m*l   m*n  n*l
cij= Σaikbkj

(AB)C=A(BC) (Associative)
A(B+C)=AB + AC  (Distributive)
AB≠BA  (is not commutative)



Trace of a Matrix:
Augmentation:
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Matrix A augmented by an identity Matrix:

AX B= Matrix A augmented by B:
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Inverse of a Matrix

1 1A A AA I− −= =

AX B=

1 1A AX A B− −=

1A−

(Inverse of Matrix A)İs such that 

If  

1A A I− =

1X A B−=

Multiply both sides by 1A−

Since

1A−
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DETERMINANT (Defined for square matrices only)

Determinant of  Matrix A

2x2

3x3

or



Gauss Elimination
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n equations in n unknowns



When n is small:
(Graphical Method)
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Solve for x2

2 1 1* interceptx slope x x= +



No Solution Infinite Solutions Ill Conditioned



When n is small
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Cramer’s Rule
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When n is small:
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Naive Gauss Elimination
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Step 1: eliminate x1 from the second upto nth equation

Multiply the first equation by:

Subtract it from the second equation: the  result is:
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Repeat the same procedure to eliminate x1 from the other equations

First equation is the pivot equation and a11 is the pivot coefficient

Repeat the above procedure to eliminate x2 from the third upto nth equation 
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Repeat the procedure (n-1) times till xn-1 is eliminated from the nth equation.

Upper triangular system is formed.

Determine xi by back substitution
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Forward 
elimination

Back Sustitution



Example (Pr.9.10):
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Forward Elimination

Back Substitution

Check your result  !!!



Example

1 2 1
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3 1 2 12
1 2 3 11
2 2 1 2
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3 1 2 12
0 2.333 2.334 7.004
0 1.334 2.332 5.992
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⎢ ⎥− − −⎣ ⎦

3 1 2 12
0 2.333 2.334 7.004
0 0 1 1.993
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⎢ ⎥− −⎣ ⎦

Augmented Matrix

Row2-1/3*Row1.........

Row3-1/3*Row1..........

Row3-(-1.334/2.333)*Row1..

X3=1.993,    x2=(7.004-2.334*1.993)/2.333=1.008,   

X1=(12-2*1.993+1*1.008)/3=3.007 (actual result is 2,1,3)

We shall use 3 digits



Operation Count

Elimination:

[1][3]n,nn-1

[n-k][1n+2-
k]k+1,nk

....

[n-2][n]3,n2

[n-1][1+n]2,n1

ik

FLOPSMiddle LoopOuter Loop

Number of Mult&Div=

Back Substitution:

Therefore, the number of operations is proportional to n3/3

3
2( )

3
n O n+

2( )O n



Pitfalls:

1. Division by zero:

If the pivot element  is zero i.e. a11=0

2. Round off errors (especially when n is large)

3. Ill conditioned systems (when the determinant D≠0 but,  D~0

Improvements:

1. Use more significant figures (time?)

2. Pivoting 

Partial pivoting: Determine the largest coefficient in the column 
below the pivot element and switch rows (equations).

Complete pivoting: Determine the largest element (in rows and 
columns and switch the rows (equations) and columns (x’s) Too costly!!!

3. Scaling  (normalization- make the highest coefficient equal to unity)



Example (Partial pivoting):

1 2

1 2

0.0003 1.566 1.569
0.3454 2.436 1.018

x x
x x

+ =
− =

Multiply the first eq.  By   
0.3454/0.0003= 1 151

We shall use 4 digit accuracy.
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X2= 1.001

X1=(1.569-1.566*1.001)/.0003= 3.333

1 2

1 2

0.3454 2.436 1.018
0.0003 1.566 1.569

x x
x x
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Multiply the first eq.  By        
0.0003/0.3454= 0.0009

1 2

2............
0.3454 2.436 1.018

1.5682 1.568.. 1
x x

x
− =
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X2= 0.9999

X1=(1.018+2.436*0.9999)/0.3454= 9.9993

No Pivoting With Pivoting



Example (Scaling): We shall use 3 significant digits
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If we scale the equations
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Example (Partial Pivoting)

2 4
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0 2 0 2 0
2 2 3 2 2
4 3 0 1 7
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X4 = -1.2188;      x3 = -0.3125;      x2 = 1.2188;      x1 = -.5313

Pivot change

Eliminate
Pivot change

Eliminate Eliminate

Use back substitution to obtain:

6 1 -6 -5 6
2 2 3 2 -2
4 -3 0 1 -7
0 2 0 2 0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

6 1 -6 -5 6
0 1.6667 5 3.6667 -4

 
0 -3.6667 4 4.3333 -11
0 2 0 2 0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

6 1 -6 -5 6
0 -3.6667 4 4.3333 -11

 
0 1.6667 5 3.6667 -4
0 2 0 2 0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

6 1 -6 -5 6
0 -3.6667 4 4.3333 -11

 
0 0 6.8181 5.6364 -9
0 0 2.1818 4.3636 -6

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

6 1 -6 -5 6
0 -3.6667 4 4.3333 -11

 
0 0 6.8181 5.6364 -9
0 0 0 2.5600 -3.12

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦



Pseudo Code



Comments on pseudocode
Equations are not scaled but scaled values of the elements are used to determine whether 
pivoting is required.
Diagonal term is monitored to determine near-zero occcurrence

si:  is the value of the maximum element on ith  row.

a: Coefficient matrix,  b: column vector of a set of equations ax=b

n: number of equations (or unknowns) to be solved.

tol, a small value defined by the user. If the diagonal element <tol the 
matrix is considered as singular and er is set to -1. er is to be returned 
by the program.



Gauss Jordan
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0 2 0 2 0
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4 3 0 1 7
6 1 6 5 6
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⎢ ⎥− −
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Augmented Matrix Interchange row 1&4 and normalize

Eliminate
Interchange Row 2&3, normalize & eliminate all elements in 
the second column.

Normalize 3rd row and eliminate Normalize 4th row and eliminate

Requires more work

(n3/2,  compared to n3/3

İn Gauss elimination)

1 0.1667 -1 -0.8333 1
2 2 3 2 -2
4 -3 0 1 -7
0 2 0 2 0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

1 0.1667 -1 -0.8333 1
0 1.6667 5 4.3333 -11

 
0 -3.6667 4 3.6667 -4
0 2 0 2 0

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

1 0 -0.8182 -0.6364 0.5
0 1 -1.0909 -1.1818 3

 
0 0 6.8182 5.6364 -9
0 0 2.1818 4.3636 -6

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

1 0 0 0.0400 -0.58
0 1 0 -2.800 1.56

 
0 0 1 0.8267 -1.32
0 0 0 2.5600 -3.12

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

1 0 0 0 -0.5313
0 1 0 0 1.2188

 
0 0 1 0 -0.3125
0 0 0 1 -1.2188

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦



Gauss-Jordan Method

1 2 1

1 2 3

1 2 3

2 1
5 2 2 4
3 5

x x x
x x x
x x x

+ − =
+ + = −
+ + =

2 1 1 1
5 2 2 4
3 1 1 5

−⎡ ⎤
⎢ ⎥−⎢ ⎥
⎢ ⎥⎣ ⎦

1 1/ 3 1/ 3 5 / 3
1 2 / 5 2 / 5 4 / 5
1 1/ 2 1/ 2 1/ 2

⎡ ⎤
⎢ ⎥−⎢ ⎥
⎢ ⎥−⎣ ⎦

Eliminate the unknown from all but one of the equations.
Pivot and Normalize

1 1/ 3 1/ 3 5 / 3
0 1/15 1/15 37 /15
0 1/ 6 5 / 6 7 / 6

⎡ ⎤
⎢ ⎥−⎢ ⎥
⎢ ⎥− −⎣ ⎦

1 1/ 3 1/ 3 5 / 3
0 1 1 37
0 1 5 7

⎡ ⎤
⎢ ⎥−⎢ ⎥
⎢ ⎥− −⎣ ⎦

1 0 0 14
0 1 1 37
0 0 6 30

⎡ ⎤
⎢ ⎥−⎢ ⎥
⎢ ⎥−⎣ ⎦

1 0 0 14
0 1 1 37
0 0 1 5

⎡ ⎤
⎢ ⎥−⎢ ⎥
⎢ ⎥−⎣ ⎦

1 0 0 14
0 1 0 32
0 0 1 5

⎡ ⎤
⎢ ⎥−⎢ ⎥
⎢ ⎥−⎣ ⎦

Eliminate

Right Column is the 
result. No back 
substitution



Inverse of a matrix Using Gauss-Jordan:

AA-1=I

1 1 2 1 0 0
3 0 1 0 1 0
1 0 2 0 0 1

−⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

1 1 2
3 0 1
1 0 2

A
−⎡ ⎤

⎢ ⎥= ⎢ ⎥
⎢ ⎥⎣ ⎦

Augment A with I

1 0 0.3333 0 0.3333 0
1 1 2 1 0 0
1 0 2 0 0 1

⎡ ⎤
⎢ ⎥
⎢
⎢

− ⎥
⎥⎣ ⎦

Change Row 1&2 and normalize

1 0 0.3333 0 0.3333 0
0 1 1.6667 1 0.3333 0
0 0 1.6667 0 0.3333 1

⎡ ⎤
⎢ ⎥− −⎢ ⎥
⎢ ⎥−⎣ ⎦

Eliminate

1 0 0.3333 0 0.3333 0
0 1 1.6667 1 0.3333 0
0 0 1.6667 0 0.3333 1

⎡ ⎤
⎢ ⎥− −⎢ ⎥
⎢ ⎥−⎣ ⎦

Normalize and eliminate

1 0 0 0 0.4 0.2
0 1 0 1 0 1
0 0 1 0 0.2 0.6

−⎡ ⎤
⎢ ⎥−⎢ ⎥
⎢ ⎥−⎣ ⎦

Normalize and eliminate

1

0 0.4 0.2
1 0 1

0 0.2 0.6
A−

−⎡ ⎤
⎢ ⎥= −⎢ ⎥
⎢ ⎥−⎣ ⎦

One can also use LU decomposition explained in the book (pg 273).



Iterative Methods

11 1 12 2 13 3 1

21 1 22 2 23 3 2

31 1 32 2 33 3 3

a x a x a x b
a x a x a x b
a x a x a x b

+ + =
+ + =

+ + =

Guess a solution and improve your solution

Consider:

Solve the first eq. For x1, second for x2
and the third for x3:

1 12 2 13 3
1

11

2 21 1 23 3
2

22

3 31 1 32 2
3

33

b a x a xx
a

b a x a xx
a

b a x a xx
a

− −
=

− −
=

− −
=

The Equations must  be 
diagonally dominant



1 12 2 13 3
1

11

2 21 1 23 3
2

22

3 31 1 32 2
3

33

b a x a xx
a

b a x a xx
a

b a x a xx
a

− −
=

− −
=

− −
=

Iterative Method 1: Gauss-Seidel 

1. Assume xi=0  (i=0, 1,2, n)

2. Solve for x1 from the first eq.

3. Solve for x2 from the second 
eq. (use x1 obtained in step 2)

4. Solve for x3 from the 3rd eq. 
(use x1 and x2 values)

5. Solve for x1 from the 1st eq. 
(use the latest values 
available)

6. Repeat until:
1

, *100%
j j

i i
a i sj

i

x x
x

ε ε
−−

= <



1 2 3

1 2 3

1 2 3

8 8
7 2 4

2 9 12

x x x
x x x

x x x

+ − =

− + = −

+ + =

1 2 3

2 1 3

3 1 2

1 0.125 0.125
0.571 0.143 0.286
1.333 0.222 0.111

x x x
x x x
x x x

= − +

= + +
= − +

1.0000001.0000000.9999971.0000220.9998311.0010820.9895441.0317460.000000x3

1.0000000.9999991.0000080.9999421.0003900.9965591.0147590.7140000.000000x2

1.0000000.9999991.0000100.9999301.0005650.9968481.0397181.0000000.000000x1

876543210

εs<10-6



PseudoCode for GaussSeidel



(1 )

0 2

new new old
i i ix x xλ λ

λ

= + −

< <

λ=1 Original Gauss-Seidel

λ<1 underrelaxation

λ>1 overrelaxation

Relaxation:

‘Start Iteration

Iter=1

Do While Iter<MaxIterations

Sentinel=1

For i= 0 to n-1

Old=x(i)

x(i)= BC(i)

For j= 0 to n-1

If i<>j Then x(i)=x(j)-AC(i,j)*x(j)

Next j

x(i)=Lambda*x(i)+(1-Lambda)*Old



Iterative Method 2: Jacobi

Compute a set of new x values before using them in the equations.

Gauss-Seidel Jacobi



1 2 3

1 2 3

1 2 3

8 8
7 2 4

2 9 12

x x x
x x x

x x x

+ − =

− + = −

+ + =

1 2 3

2 1 3

3 1 2

1 0.125 0.125
0.571 0.143 0.286
1.333 0.222 0.111

x x x
x x x
x x x

= − +

= + +

= − +

Example:

1.00001.00001.00001.00000.99980.99991.00270.99830.96831.04761.33300.0000x3

1.00001.00001.00000.99991.00011.00090.99850.99011.02721.09520.57100.0000x2

1.00001.00001.00001.00000.99991.00051.00100.99260.99401.09531.00000.0000x1

11109876543210

1.00001.00000.99981.00110.98951.03170.0000x3

1.00000.99991.00040.99661.01480.71400.0000x2

1.00000.99991.00060.99681.03971.00000.0000x1

6543210
Gauss-Seidel

Jacobi

εs<10-4



Matrix Norms and Matrix Condition Number

1 1 1

1 1

max

max

n

ijj n i

n

iji n j

A a

A a

≤ ≤ =

∞ ≤ ≤ =

=

=

∑

∑

Norm is the largest sum 
of the columns

Norm is largest sum of 
the rows

“Uniform Matrix Norm” or

“Row-Sum Norm”

[ ] 1Cond A A A−=Condition Number of 
Matrix A (>1)



System of Nonlinear equations

1 1

1

( ) ( ) '( )( ) 0

( )
'( )

i i i i i

i
i i

i

f x f x f x x x

f xx x
f x

+ +

+

= + − ≈

= −

1 1 2 3 4

2 1 2 3 4

1 2 3 4

( , , , , ,.... ) 0
( , , , , ,.... ) 0

....
( , , , , ,.... ) 0

n

n

n n

f x x x x x
f x x x x x

f x x x x x

=
=

=

1, 1, 1,
1, 1 1, 1, 1 1, 2, 1 2, , 1 ,

1 2 1

2, 2, 2,
2, 1 2, 1, 1 1, 2, 1 2, , 1 ,

1 2 1

,

( ) ( ) ........ ( ) 0

( ) ( ) ........ ( ) 0

....

i i i
i i i i i i n i n i

i i i
i i i i i i n i n i

n i

f f f
f f x x x x x x HOTerms

x x x
f f f

f f x x x x x x HOTerms
x x x

f

+ + + +

+ + + +

∂ ∂ ∂
= + − + − + + − + ≈

∂ ∂ ∂
∂ ∂ ∂

= + − + − + + − + ≈
∂ ∂ ∂

, , ,
1 , 1, 1 1, 2, 1 2, , 1 ,

1 2 1

( ) ( ) ........ ( ) 0n i n i n i
n i i i i i n i n i

f f f
f x x x x x x HOTerms

x x x+ + + +

∂ ∂ ∂
= + − + − + + − + ≈

∂ ∂ ∂

N nonlinear equations in n unknowns Sometimes you can use a fixed point iteration or an 
iteration similar to Gauss Seidel Iteration for linear 
equations.

Newton Raphson Method for one variable:

Newton Raphson method for n variables

1, 1, 1, 1, 1, 1,
1, 1 2, 1 , 1 1, 1, 2, ,

1 2 1 2

2, 2, 2, 2, 2, 2,
1, 1 2, 1 , 1 2, 1, 2,

1 2 1 2

........ ....

........ ....

i i i i i i
i i n i i i i n i

n n

i i i i i i
i i n i i i i

n n

f f f f f f
x x x f x x x

x x x x x x
f f f f f f

x x x f x x
x x x x x x

+ + +

+ + +

∂ ∂ ∂ ∂ ∂ ∂
+ + + = − + + +

∂ ∂ ∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂ ∂

+ + + = − + + +
∂ ∂ ∂ ∂ ∂ ∂ ,

, , , , , ,
1, 1 2, 1 , 1 , 1, 2, ,

1 2 1 2

....

........ ....

n i

n i n i n i n i n i n i
i i n i n i i i n i

n n

x

f f f f f f
x x x f x x x

x x x x x x+ + +

∂ ∂ ∂ ∂ ∂ ∂
+ + + = − + + +

∂ ∂ ∂ ∂ ∂ ∂



1

1 1 1

1 2

2 2 2

1 2

1 2

...

..

... .... ... ...

..

i i i

ni i i

ni i ii

n n n

ni i i

J x B

f f f
dx dx dx
f f f

dx dx dxJ

f f f
dx dx dx

+ =

∂ ∂ ∂⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥∂ ∂ ∂
⎢ ⎥= ⎢ ⎥
⎢ ⎥
⎢ ⎥

∂ ∂ ∂⎢ ⎥
⎢ ⎥⎣ ⎦

1 1 1
1, 1, 2, ,

1 2

2 2 2
2, 1, 2, ,

1 2

, 1, 2, ,
1 2

....

....

.......

....

i i i n i
ni i i

i i i n i
ni i ii

n n n
n i i i n i

ni i i

f f ff x x x
x x x
f f ff x x x
x x xB

f f ff x x x
x x x

∂ ∂ ∂⎡ ⎤− + + +⎢ ⎥∂ ∂ ∂⎢ ⎥
⎢ ⎥∂ ∂ ∂
− + + +⎢ ⎥∂ ∂ ∂= ⎢ ⎥

⎢ ⎥
⎢ ⎥

∂ ∂ ∂⎢ ⎥− + + +⎢ ⎥∂ ∂ ∂⎣ ⎦

Solve for xi+1 using any one of the methods discussed and repeat till there is 
convergence

Or, if we let ui+1=xi+1-xi  then 

1i i iJ u C+ = Where 

1,

2,

,

.......

i

i
i

n i

f
f

C

f

−⎡ ⎤
⎢ ⎥−⎢ ⎥=
⎢ ⎥
⎢ ⎥−⎢ ⎥⎣ ⎦

Solve for  ui+1,   xi+1=ui+1+xi



Let: , , 1 ,k i k i k ix x xδ += −

Then: i i iA Bδ =

1 1 1

1 2

2 2 2

1 2

1 2

...

..

... .... ... ...

..

ni i i

ni i ii i

n n n

ni i i

f f f
dx dx dx
f f f

dx dx dxA J

f f f
dx dx dx

∂ ∂ ∂⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥∂ ∂ ∂
⎢ ⎥= = ⎢ ⎥
⎢ ⎥
⎢ ⎥

∂ ∂ ∂⎢ ⎥
⎢ ⎥⎣ ⎦

1,

2,

2,

.......

i

i
i

i

f
f

B

f

−⎡ ⎤
⎢ ⎥−⎢ ⎥=
⎢ ⎥
⎢ ⎥−⎢ ⎥⎣ ⎦

1,

2,

2,

.......

i

i
i

i

δ
δ

δ

δ

⎡ ⎤
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

, 1 , ,k i k i k ix x xδ+ = +

or


